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FOREWORD 
The present  report  descr ibes  an extended and general ized vers ion of  a 
r a d i a t i o n  t r a n s p o r t  p r e d i c t i o n  method. The i n i t i a l  e f f o r t  w a s  done under 
Contract NAS9-6719 f o r  t h e  NASA Manned Spacecraf t  Center ,  S t ruc tures  and 
Mechanics Division. This effort  included the development of the basic radia- 
t ion  proper t ies  and  t ranspor t  models .  The equi l ibr ium chemistry capabi l i ty  
was i n c o r p o r a t e d  i n t o  t h e  model under  the  present  cont rac t  (NAS1-9399) f o r  
t h e  NASA Langley Research Center, Applied Material and Physics Division. 
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ADVANCED METHODS FOR CUCULATING 
RADIATION TRANSPORT I N  
ABLATION-PRODUCT CONTAMINATED BOUNDARY LAYERS 
by W i l l i a m  E .  Nicole t  
Aerotherm Corporation 
SECTION 1 
INTRODUCTION 
The a b i l i t y  t o  p r e d i c t  r a d i a n t  e n e r g y  t r a n s p o r t  i s  r e q u i r e d  i n  o r d e r  
to  unders tand  the  hea t ing  phenomena assoc ia ted  wi th  bodies  en ter ing  p lane tary  
atmospheres a t  h i g h  v e l o c i t i e s .  The r a d i a t i o n  t r a n s p o r t  i s  important both as 
an  energy  source  in  d i rec t  thermal  contac t  wi th  the  body and ind i rec t ly  through 
the  coupling  between it and the  thermal  boundary  layer.   Quantitative  predic- 
t i o n s  of radiat ive t ransport  under  these condi t ions require  f requency dependent  
proper t ies  of  the  rad ia t ing  spec ies ,  a frequency dependent transport  model  and 
a method for  predict ing temperatures  and species  mole f r ac t ions ,  g iven  the  
thermodynamic s t a t e  c o n d i t i o n s .  I n  t h i s  s t u d y ,  a t t e n t i o n  i s  directed  toward 
the  use  o f  an  ex i s t ing  t r anspor t  model (Ref. 1) and  an  exis t ing thermodynamic 
equi l ibr ium method (Ref. 2) t o  p r e d i c t  r a d i a t i v e  t r a n s p o r t  phen+mena. 
Transpor t  wi th in  the  C-H-0-N elemental  system i s  considered.  This sys-  
t e m  i s  representative of boundary layers a d j a c e n t  t o  most ablat ing bodies ,  and 
it a l so  con ta ins  the  more impor tan t  rad ia tors  of many proposed planetary a t -  
mospheres.   Local  thermodynamic  equilibrium  conditions  are  calculated  for a l l  
conditions  (using  thermochemical  data  from  Ref. 3 ) .  Molecular,  atomic  and 
i o n i c  s p e c i e s  are considered with those which appear i n  t h e  3000'K t o  t h e  
15,000aK temperature range ( 0 . 1  t o  1 0  atmospheres,  pressure range) being given 
pr imary considerat ion.  
The thermodynamic equilibrium methods are g iven  in  Sec t ion  2, t he  r ad ia -  
t i o n  p r o p e r t i e s  model i n  S e c t i o n  3 and t h e  r a d i a t i o n  t r a n s p o r t  model i n  S e c t i o n  
4 .  P r e d i c t i o n s  o f  r a d i a t i v e  h e a t i n g  are g iven  in  Sec t ion  5 fo r  i so the rma l  and 
non i so the rma l  s l abs .  These  se rve  to  i l l u s t r a t e  app l i ca t ions  o f  t he  method and, 
i n  some cases, a l low for  comparisons with the predict ions of o the r  i nves t iga to r s .  
SECTION 2 
EQUILIBRIUM CmMISTRY METHODS 
Closed  systems i n  e q u i l i b r i u m  are considered. In such a sys tem,  the  
elemental compositions and two thermodynamic state variables are prescr ibed.  
In  add i t ion  an arl;qy of candidate species and their  thermochemical data are 
made ava i lab le .  From th is  in format ion  the  equi l ibr ium chemis t ry  ca lcu la t ion  
is t o  o b t a i n  t h e  mole f r a c t i o n s  ( o r  number dens i t i e s )  o f  t he  cand ida te  
species and the remaining state variables. S o l u t i o n s  t o  some p a r t i c u l a r l y  
s imple f low f ie ld  problems,  viz .  downstream  shockwave condi t ions,  are a l s o  
t o  be obtained as par t  of  the equi l ibr ium chemistry calculat ion.  
2 . 1  THE BASIC CONCEPTS 
2.1.1 Equilibrium  Equations 
Consider K chemical elements , Nk , in t roduced  in to  a previously evac- 
uated container .  In  general ,  these elements  w i l l  i n t e r a d  t o  form a number 
of  chemical  species*, Ni (gas  phase)  and N R  (condensed  phases) .   I f  enough 
t i m e  has elapsed so t h a t  thermodynamic and chemical equilibrium is e s t a b l i s h e d ,  
t h e  thermodynamic state of  the  sys tem,  inc luding  the  re la t ive  amounts of 
chemical  species  present ,  i s  completely determined i f  two independent thermo- 
dynamic var iab les  are known**. This  condi t ion may be s ta ted mathematical ly  
by examining the governing equations for such a system, and showing that the 
number of independent equations i s  equal  t o  t h e  number of unknown q u a n t i t i e s .  
Relat ions expressing the formation of  the gaseous chemical  species  
from the gaseous chemical elements may be  wr i t t en  as follows: 
2 'ki Nk + 
k= 1 
Similarly,  formation of condensed phase 
i s  w r i t t e n  : 
K 
'kR Nk + N R  
k= 1 
species from the gaseous elements 
In  the  above ,  vki r ep resen t s  t he  number of atoms of element k i n  a mole- 
cule   of   species  i (gas )   o r   spec ie s  R (condensed) . 
*"Chemical species" as  used here  includes molecular ,  a tomic,  ionic ,  and 
e lec t ron  spec ie s  
** Duhem's Theorem. 
2 
P. 
k=l  
o r  
where Pk denotes   par t ia l   p ressures   and  K (TI is the   qu i l ib r ium con- 
s t an t  fo r  t he  fo rma t ion  r eac t ion  (1) of  species  Ni. For each  candidate 
condensed phase species 
P i  
K -x vkE I n  pk = I n  K (TI < 
PQJ 
k= 1 
where 
= i nd ica t e s  t he  ex i s t ance  of t h e  condensed  phase 
spec ies  NQJ in  equi l ibr ium with gas  phase species ,  and 
< indicates  that  the condensed phase species  N R  w i l l  
no t  be  p re sen t  i n  equ i l ib r ium 
For each chemical element introduced into the system, the conserva- 
t ion  of  atoms d i c t a t e s  t h a t  t h e  amount of any element k i n  t h e  g a s  and 
condensed phases (regardless of molecular configuration) must sum t o  t h e  
t o t a l  amount of element k in  the  sys tem.  Mathemat ica l ly ,  th i s  may be 
wr i t ten ,  for  each  e lement  k ,  as 
Mass f r a c t i o n  
of element k - 
i n p u t   t o   t h e  - TE '" i=l p k i P i  + 2 F v k Q J x g  
sys  t e m  
I L 
=1 
3 
where 74 is a composite  system  molecular  weight*  defined  by 
I P .  L n = + wi + u n i t s  of 'moles of gas rams of system 
a d  where 2, is  a mole f r a c t i o n  of condensed  phase  species R defined 
as 
xi = molecules of condensed species II total  gas  phase molecules  i 
In  addi t ion ,  for  the  gas  phase  
t h e  p a r t i a l  p r e s s u r e s  must sum 
Mixture 
r e l a t e d   t o   t h e  
s p e c i e s ,  t h e r e  e x i s t s  t h e  r e q u i r e m e n t  t h a t  
t o  t h e  t o t a l  s y s t e m  p r e s s u r e .  
I 
i=l 
thermodynamic proper t ies ,  such  as spec i f i c  en tha lpy ,  are 
species concentrations by equations of t h e  form 
Consider now t h e  number of independent equations for the system. 
The number of gas  phase equi l ibr ium relat ions ( 3 )  is  e q u a l  t o  t h e  number 
of gas phase species I minus t h e  number of elements K (because equations 
( 3 )  are t r i v i a l  i = k )  . I n  a d d i t i o n ,  t h e r e  e x i s t s  a re la t ion  such  as ( 4 )  
for  each of  the 'L candidate  condensed phase species  in  the system. Note 
that  the system temperature  i s  contained . implici t ly  in  Equat ions ( 3 )  
and ( 4 )  through the temperature dependence of the  equi l ibr ium cons tan ts .  
There are K conservation of elements equations (5 )  , one fo r  each  atomic 
element introduced into the system. The r e q u i r e m e n t  t h a t  t h e  p a r t i a l  
pressures  sum t o  t he  sys t em p res su re  ( 6 )  cont r ibu tes  one  addi t iona l  equa- 
t ion .  For  any a d d i t i o n a l  thermodynamic p r o p e r t i e s  of the mixture  
(enthalpy,  entropy,  etc.) , t h e r e  exists equations such as (7 )  . 
* 
This is the molecular  weight  appropriate  to  the ideal  gas  equat ion of  
state i f  condensed phases are present .  
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Consider  next  the  var iab les  appropr ia te  to  th i s  formula t ion  of  the  
problem. The r e l a t ive  concen t r a t ions  of t h e  I s p e c i e s  i n  the gas  phase 
are  given by t h e  P i ' s  and the amounts of t h e  L candidate condensed phase 
species  are  given by X% ( a l l  o f  which may be  zero) .  In  th i s  formula t ion ,  
the composite system molecular weight, Vlis a l s o  a var iable .  There are 
one  each of the mixture thermodynamic var iab les  T ,p ,h , s ,  etc. The num- 
b e r  of va r i ab le s  and avai lable  independent  equat ions may be summarized as 
TABLE I - CLOSURE OF CHEMICAL  SYSTEM 
VARIABLES 
?li 
P 
T 
h ,  S I  P 
t o t a l  
va r i ab le s  
NO. OF SUCH 
VARlABLES 
I 
L 
1 
1 
1 
n 
I+L+n+3 
EQUATION 
NUMBER 
of the type ( 7 )  
t o t a l  
equations 
NO. O F  SUCH 
EQUATIONS 
I - K  
L 
K 
I+L+n+l 
Thus,  there are two less equat ions than there  are v a r i a b l e s ,  and so if two 
independent  var iab les  a re  spec i f ied  (e .g . ,  P and T)  i n  a d d i t i o n  t o  t h e  e l e -  
mental composition, then closure is obtained and the chemical and thermo- 
dynamic state of the system may, in  pr incipal ,  be  determined.  
2 .1 .2  B a s e  Species 
Equations 1 t o  5 descr ibe the equi l ibr ium react ion equat ions in  terms 
of the formation of species from atomic elements.  Thus,  the reactants are 
elements and the products are usually molecules.  This scheme has the ad- 
vantage of formal simplicity; however, it is unnecessa r i ly  r e s t r i c t ive  and 
can  l ead  to  ce r t a in  c l a s ses  o f  computa t iona l  d i f f i cu l t i e s .  
Equations 1 t o  5 can equally w e l l  descr ibe  equi l ibr ium condi t ions  in  
terms of the formation of species from another se t  of  spec ies  ( the  base  
spec ies  -- from  Reference 4 ) . I n  t h i s  r e i n t e r p r e t a t i o n  o f  t h e  e q u i l i b r i u m  
equations, each atomic element is replaced by an a r b i t r a r i l y  s e l e c t e d  ( b a s e )  
spec ie .  Val id  equi l ibr ium so lu t ions  are still obtained provided that  (1) 
a l l  o the r  spec ie s  can be formed from the  se t  o f  base  spec ie s  and (2) no 
balanced react ions can be wri t ten involving only base species .  
' 5  
~ 2.1.3 Ionized  Systems 
Ioniza t ion  is inc luded  in  the  equi l ibr ium equat ion  by  a l lowing  ionic  
and  an  e lec t ron  spec ies  in  the . se t  o f  candida te  spec ies -and  an e l e c t r o n  
"element" i n  t h e  set of base species .  Each s p e c i e  (free) e l e c t r o n  c o n s i s t s  
of one elemental  electron. The ions  are formed f r o m  one  (or  more) n e u t r a l  
base species and one or more lost (negat ive  v i j )  e lec t ron  e lements .  In  
t h i s  scheme the  e lementa l  mass balance (Eq. 5) f o r  t h e  e l e c t r o n  is a l s o  a 
charge balance. Thus, the s p e c i f i c a t i o n  of a non zero  va lue  of  the  
e lementa l  e lec t ron  concent ra t ion  y ie lds  a nonneutral system; where as, a 
zero  va lue  y ie lds  a neutral  system. 
2 .1 .4  Equilibrium  Constants 
A t  equi l ibr ium, the second l a w  requi res  tha t  the  independent  reac t ions  
occur  without  change in  f ree  energy.  Therefore  
G = vjiGi 
i 
j 
where t h e  G, a r e  t h e  p a r t i a l  m o l a r  free energies  O f  t h e  s p e c i e s  ( a l s o  
r e f e r r e d  t o  as 
by d e f i n i t i o n ,  
steady flowing 
it i s  poss ib le  
G: , that i s ,  
J 
the  chemica l  po ten t ia l s )  . The change i n  free energy is  , 
equa l  t o  the  i so the rma l  reversible work performed by a 
system in  pas s ing  f rom one  s t a t e  t o  ano the r .  On t h i s  b a s i s  
t o  relate t h e  G .  t o  t h e  s t a n d a r d - s t a t e  free energ ies ,  
t h e  free energy of the species a t  t h e  same temperature but 
I 
und i lu t ed  and  a t  one  atmosphere  pressure. Thus 
where po is  one  atmosphere.  For a gas  obeying the perfect  gas  l a w  
G - G O =  - R T R ~ ~  
j j  j 
i f  p i s  i n  u n i t s  of atmospheres.  Likewise,  for  an  incompressible con- 
densed phase containing only one species 
j 
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When more than one condensed species  coexis ts  in  a phase,  the work of mixing 
must  be included. For an ideal  mixture* 
where XQ is  t h e  mole f r ac t ion  o f  spec ie s  R in  the  mixture .  
In environments of general concern in high-temperature thermodynamics 
E q s  . (10)  and (11) are genera l ly  employed  and, i n  a d d i t i o n ,  (1-P) /p, is 
assumed n e g l i g i b l e  i n  r e l a t i o n  t o  the gas-phase work terms. On t h i s  b a s i s ,  
s imp l i f i ed  equ i l ib r ium cons tan t  r e l a t ions  are obtained from E q s .  (8) and 
(10)  for  gas  and  condensed  species (sub j o r  R ) . 
AGr 0 
R ~ K  = -2  
p j  
RT 
where the  s t anda rd - s t a t e  f r ee  ene rgy  change of the formation reaction for 
spec ies  j ( o r  a )  i s  defined by 
AGO = GO -x j i ~ y  
j j  
i 
and the par t ia l  pressure of  condensed species  w i l l  be taken as one atmos- 
phere  in  order  that  Eq .  (10 )  w i l l  i n d i c a t e  no  work of compression. 
The s t anda rd  s t a t e  f r ee  ene rgy  i s  a function of temperature only and 
is obtained for each molecular species from 
where e n t h a l p i e s  a r e  o b t a i n e d  r e l a t i v e  t o  some chemical base state, o f t en  
the elements i n  t h e i r  most n a t u r a l  form a t  298OK and one atmosphere (JANAF 
b a s e  s t a t e ) .  If any o t h e r  b a s e  s t a t e  i s  consis tent ly   adopted,   the  AGO 
w i l l  be unaffected.  
j 
The enthalpy and entropy of t h e  species are conveniently expressed 
i n  terms of t h e  s p e c i f i c  h e a t s ,  v i z .  
H o  = Ho -+ J Co dT 
7 jo 
I 
0 
* 
The ideal mixture assumption is s a t i s f i e d  by a mixture above which vapor 
pressures  are propor t iona l  t o  mixture mole f r a c t i o n s  and whose vapors obey 
the  pe r fec t  gas  law. 
and 
so = so +/ 3 dT 
L 
j 
' O  0 
T 
where t h e  o subscr ip t   re fe rs   to   the   chemica l   base-s ta te .   Thus ,  E q s .  (13) 
t o  (17) can be used to  obta in  the  equi l ibr ium cons tan ts ,  p rovided  only  tha t  
t h e  s p e c i f i c  h e a t s  o f  t h e  r e a c t i n g  s p e c i e s  are known, along with base values 
of entropy and enthalpy. The s p e c i f i c  h e a t s  f o r  e a c h  s p e c i e  c a n  e i t h e r  b e  
o b t a i n e d  d i r e c t l y  from tabulations which are avai lable  (e .g .  Refs .  5 ,  6 ,  and 
7) o r  can be calculated from the relat ion 
where Q i s  the  pa r t i t i on  func t ion  o f  t he  spec ie s  and  can  be  eva lua ted  f rom 
s ta t is t ical  p r i n c i p a l s  and spectroscopic  data .  
2.1.5 Par t i t ion   Funct ions  
j 
The Pa r t i t i on  Func t ion  of a spec ie s  can  qu i t e  gene ra l ly  be  wr i t t en  as 
Q .  = c E 9i  exp ( -  1 i 
Energy 
( 1 9 )  
Levels 
where t h e  summation extends over a l l  ene rg ie s  access ib l e  to  the  spec ie s  and  
whose gi and are the  degeneracy  and  energy  of  the i- leve l ,   r e spec t ive ly .  
The energy of  any gaseous species  (a tomic or  molecular)  can be wri t ten as 
t h e  sum of two independent components, one of which is r e l a t e d  t o  t r a n s i -  
t i ona l  mo t ion ,  t he  o the r  t o  in t e rna l  mo t ions .  
t h  
E -  i -  ' t r a n s l a t i o n  + € i n t e r n a l  
The re fo re ,  t he  pa r t i t i on  func t ion  can b e  f a c t o r e d  i n t o  components repre- 
s en t ing  t r ans l a t iona l  and  in t e rna l  con t r ibu t ions ,  v i z .  
8 
For the t ranslat ional  motion,  the energy levels  are s u f f i c i e n t l y  
c l o s e  t o g e t h e r  t o  allow t h e  summation i n  Eq. (19)  t o  be  r ep laced  by an 
in tegra t ion .  This  y ie lds  the  c losed  form expression 
f o r  t h e  t r a n s l a t i o n a l  c o n t r i b u t i o n  t o  t h e  p a r t i t i o n  f u n c t i o n .  Here, N a  
is Avogadro's number and the rest of the  symbols have t h e i r  u s u a l  meanings. 
For a monatomic species  (a tomic or  ionic)  , t h e  i n t e r n a l  c o n t r i b u t i o n  
t o  t h e  p a r t i t i o n  f u n c t i o n  is obtained by  summing ove r  the  e l ec t ron ic  ene rgy  
l e v e l s  which can be occupied by t h e  p a r t i c l e .  F o r  a l l  systems except that  
of an  i s o l a t e d  p a r t i c l e  i n  an enclosure of i n f i n i t e  volume, t h e  l e v e l s  which 
can be occupied correspond t o  e l e c t r o n i c  s h e l l s  r e l a t i v e l y  c l o s e  t o  t h e  
nucleus*. The e f f e c t  on t h e  p a r t i t i o n  f u n c t i o n  summation  can  be  expre'ssed 
as e i t h e r  
c 
o r  
l e v e l s   l e v e l s  
and where t h e  summation i n  Eq. 21a  includes only levels  up t o  some m a x i m u m  
l e v e l  s p e c i f i e d  as a function of the temperature and pressure.  An a l t e r n a t e  
expression given in  Eq. 21b inc ludes  the  summation over a prescr ibed  number 
of core levels (which the particle can always occupy) plus a s p e c i f i e d  frac- 
t i o n ?  4 (T,p) r of the  cont r ibu t ion  due  to  the  exc i ted  leve ls .  The s e l e c t i o n  
* Elec t rons  in  the  uppermost  she l l s  are excluded by the interaction between 
them and o t h e r  p a r t i c l e s  i n  t h e  system. 
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of t h e  c u t o f f  c a n  s i g n i f i c a n t l y  e f f e c t  t h e  v a l u e s  o f  t h e  p a r t i t i o n  f u n c t i o n s  
a t  h igh  tempera tures  ( T 1. O(17,OOO OK) f o r  N )  . However, t h e  effect on t h e  
mole f rac t ions  of  the  dominant  spec ies  in  the  mixture  is generally not dra- 
matic (order  of  a f e w  p e r c e n t ) .  I n d e e d ,  s a t i s f a c t o r y  r e s u l t s  f o r  air  were 
obtained by Gilmore ( R e f .  8) by s e t t i n g  $(T ,P) E 0 i n  Eq. (20b) , thereby 
e l imina t ing  the  pressure  dependence  en t i re ly .  A r a t i o n a l  f o r  t h i s  f o r t u i t o u s  
behavior has been given by Hunt and Sibulkin (Ref.  9 )  . 
Fur d ia tomic  spec ies  the  in te rna l  energy  leve ls  can  be  fur ther  d iv ided  
i n t o  a sum of  independent  e lec t ronic  and  v ibra t iona l - ro ta t iona l  components. 
This  allows Q t o   b e   f a c t o r e d   i n t o  
j i n t e r n a l  
where t h e  e l e c t r o n i c  c o n t r i b u t i o n  t o  t h e  p a r t i t i o n  f u n c t i o n  is evaluated 
d i r e c t l y  from Eq. ( 1 9 )  as was done f o r  t h e  monatomic spec ies .  The v ibra t iona l -  
ro t a t iona l  con t r ibu t ion  to  the  pa r t i t i on  can  be  expres sed  as 
where 
and where G(v) is the v i b r a t i o n a l  term of  the v- v i b r a t i o n a l  l e v e l  r e l a t i v e  
t o   t h e   l o w e s t   v i b r a t i o n a l   l e v e l ,  and  B(v) i s  the   cor responding   ro ta t iona l  
constant . 
t h  
2.2 SOLUTION PROCEDURE 
2.2.1 Basic Technique 
Equations ( 3 )  , (5)  and ( 6 )  make  up the  bas i c  sys t em to  be  so lved ,  when 
temperatures and pressures are s p e c i f i e d .  If temperature is t o  b e  r e p l a c e d  
by some o t h e r  thermodynamic s ta te  v a r i a b l e ,  a def in ing  re la t ion  of  the  form 
of Eq. ( 7 )  mus t  a l so  be  inc luded  in-  the  sys tem.  I f  an  addi t iona l  set of 
r e l a t ions  ( e .g . ,  t he  Rankine-Hugoniot equations -- see Sect ion 2.2.3)  are  to  
be  sa t i s f i ed  s imul t aneous ly ,  t hese  must a l so  be  inc luded  in  the  sys tem.  The 
equations are highly nonlinear and, consequently,  an i t e r a t i v e  s o l u t i o n  p r o -  
cedure i s  required.  
1 0  
The  number of unknowns could immediately be reduced by I - K  through 
t h e  d i r e c t  s u b s t i t u t i o n  o f  ( 5 ) ,  as so lved  fo r  Pi , i n t o  t h e  o t h e r  r e l a t i o n s .  
I t  proves advantageous, however, to continue t o  t reat  t h e  f u l l  set of equa- 
t i o n s ,  and t o  subsequen t ly  u t i l i ze  this s u b s t i t u t i o n  d u r i n g  t h e  i t e r a t i v e  
convergence  procedure. The so lu t ion  of  these simultaneous nonl inear  a lgebraic  
equations is based  on Newton-Raphson i t e r a t ion .   S ince   t h i s   p rocedure  i s  
acce le ra t ed  by cas t ing  the  equa t ions  in to  a more l i n e a r  form (via  t ransfonn-  
a t i o n s ,  s u b s t i t u t i o n s ,  etc.) it is w e l l  t o  examine t h e  set  of equations 
above.  Equations  (5)  and (6)  are l inear   e la t ions   be tween Pi and ;II . 
In   cont ras t ,   equa t ions   o f  the form (3 )  are l i n e a r  i n  Rn Pi , Rn Pk and 
i n  Kpi, the l a t t e r  va r i ab le  ve ing  approx ima te ly  l i nea r  i n  1/T. 
The so lu t ion  procedure  takes  advantage  of  th i s  s i tua t ion  by  t rea t ing  
those species  which are s i g n i f i c a n t  i n  t h e  mass and pressure balances (5) 
and (6)  i n  terms of Pi and the  less s i g n i f i c a n t  s p e c i e s  i n  terms of t h e i r  
Rn Pi. 
The Newton-Raphson procedure, as present ly  u t i l i zed ,  can  be  summarized 
by considering a se t  of equations of the general  form 
f . (x1 ,x2 ,  "., xi, ... ) = 0 
3 
A t  any po in t  i n  the  so lu t ion  p rocedures  there e x i s t s  a set  of estimates, x! , 
f o r  a l l  t he  va r i ab le s  which w i l l  i n  g e n e r a l  n o t  s a t i s f y  a l l  of the r e l a t i o n s  
and w i l l  l e a d   t o  a non-zero  value  of the f namely, E The Newton-Raphson 
method proceeds to  "dr ive" these errors  toward zero by eva lua t ing  the  change 
i n  each unknown v a r i a b l e ,  Axi , which would reduce a l l  t h e  e r r o r s  t o  z e r o  i f  
t h e  func t ions  , f were l i n e a r .  The l inear   approximation i s  based on t h e  
current  values  of  the unknown va r i ab le s  and the corresponding array of values 
of the p a r t i a l  d e r i v a t i v e s  a f  ./axi. Thus 
j* j' 
j* 
3 
which is l o c a l l y  c o r r e c t  and i s  i n t e g r a t e d  t o  
( A f j ) *  x('.) axi (Axi) * 
i n   t he   l i nea r   app rox ima t ion .  The solut ion  of   (25)  i s  
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where t h e  a r r a y  o f  p a r t i a l  d e r i v a t i v e s  a p p e a r i n g  i n  ( 2 6 )  is simply the matr ix  
inve r se  of t h e  a r r a y  i n  (25)  . The fo rmula t ion  o f  t he  pa r t i a l  de r iva t ives  uses 
t h e   v a r i a b l e s ,  Iln Pi ,* Rn T and Rn 8 and (26) y i e l d s ,   f o r  example, 
which i f  taken as l i n e a r  a l l  the  way t o  s o l u t i o n  y i e l d s  
PI* 
P; n - = ( A  Rn Pi) * = 
s ince  the  des i r ed  change i n  t h e  f u n c t i o n s  i s  simply t h e  negative of the e r r o r .  
An a l t e rna te ,  bu t  equa l ly  va l id  r e l a t ion  i s  
which i f  taken as l i n e a r  a l l  the  way t o  s o l u t i o n  y i e l d s  
Equation (28 )  is used for  a l l  s p e c i e s  s i g n i f i c a n t  i n  mass balances and ( 2 7 )  
for t he  o the r s .  
2.2.2 Res t r i c t ion  on Corrections 
The set of cor rec t ion  (Axi) * can be thought of as a v e c t o r  i n  t h e  
space of the independent variables which is added t o  t h e  cur ren t  vec to r  
approximation xT t o  y i e l d  a new estimate x;*. Experience has shown t h a t  it 
i s  frequently unwise to proceed along this c o r r e c t i o n  v e c t o r  t h e  f u l l  amount 
i nd ica t ed  by ( 2 7 )  o r  (28)  . Rather,  it is b e t t e r  t o  p r o c e e d  a l imi t ed  way, 
1 
*The choice of Iln P; permits a matr ix  reduct ion by the use of the s imple 
a lgeb ra i c  substitution, as previously mentioned,  pr ior  to  matr ix  inversion.  
1 2  
a l though preserv ing  the  same d i r ec t ion .  A t  o the r  times, it is expedient 
t o  depart from this vector, and seek another based on freezing the value 
of  some variable and el iminat ing a corresponding equation. 
The s c a l i n g  of t h e  c o r r e c t i o n  vector is such as t o  limit changes 
i n   t h e   p a r t i a l  pressures of  major  species  to  increases  of '  one order  of  
magnitude and decreases of three orders of magnitude, and changes of 
temperature t o  approximately 20 percent .  
Molecular weight, temperature and condensed phase concentration 
cor rec t ions  are frozen and a new co r rec t ion  vector generated i f   t h e   i n i t i a l  
set o f  co r rec t ions  ind ica t e  excess ive  t empera tu re  o r  molecu la r  we igh t  
excursions,  a contradictory temperature  change,  or  negat ive correct ions on 
newly introduced condensed species.  
The formulation of these and other  scal ing and freezing cr i ter ia  
is an e s s e n t i a l  f e a t u r e  o f  the calculational procedure.  Because of these 
features,  convergence i s  v i r t u a l l y  a s s u r e d  f o r  w e l l  formulated,  physical ly  
unique problems. 
2.2.3 Incorporation of Simple Flow Fie ld  Systems 
The flow variables downstream of a ,s tanding shock wave are usua l ly  
required for problems involving hypersoni 'c flow fields. The governing 
Rankine-Hugoniot equations are r ead i ly  inco rpora t ed  in  the  set of  equat ions 
govern ing  the  equi l ibr ium chemis t ry  to  y ie ld  a usefu l  ca lcu la t iona l  pro-  
cedure. 
Consider flow through an oblique shock wave with upstream conditions 
known and downstream condi t ions unknown. 
\ 
Figure 1. Shock Wave Configurat ion 
Equat ions expressing t h e  conservation of mass, energy, and momentum (inde- 
pendent of events  " in"  the shock)  may b e  w r i t t e n  as fol1cws.i 
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Mass 
Energy 
Normal  Momentum 
Tangential  Momentum 
h2 + $ u; = hl + - u2 1 2 1  
p2 + p 2 2  u c0s2e2 = p1 + p1u;c0s2e1 
p2u~cos82sine2 = p 1 1  u2coselsinel 
The  four  conservation  equations,  as  written  above,  involve  five  unknowns: 
02, u2, P2, p 2 ,  h2. However,  the  thermodynamic  variables  on  the  downstream  side 
of  the  shock  are  related  by  the  chemical  equilibrium  and  thermodynamic  state 
relations  discussed in Section 2.1.1. Recall  that  these  relations  were  sufficient 
to  completely  define  the  thermodynamic  and  chemical  state  of  a  system  given  the 
elemental  composition  and  any  two  independent  thermodynamic  state  variables  (e.g., 
p2 as a function of P2 and h2). 
Thus,  the chemical  equilibrium  and  thermodynamic  state  relations,  plus  the 
four  conservation  Equations (29) through (32) are  sufficient  to  determine  the 
condition  downstrean of  a  shock  wave  if a l l  upstream  conditions  are  known.  Solu- 
tion  to  this  set  of  equations  are  readily  obtained  by  the  method  described in Sec- 
tions  2.2.1  and 2.2.2. 
The  shock  wave  equations  can  be  generalized  to  describe  the  hypersonic  flow 
about  a  sphere.  The  shock  layer  in  the  stagnation  region  can  be  characterized 
by 
where 
P (y) = const. , T (y) = const. , (inviscid  region) I 
and i (33) 
- 6 01 
R "  
p2 i l  + m) , (R = radius  of  shock) 
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provided  that  radiation  losses  from  the  shock  layer  are  small  compared  to  the 
flow  energy,  i.e., << p1u3/2. When  valid,  Equations (29) to ( 3 3 )  provide 
all  the  necessary  inputs  for  a  useful  class  of  radiation  heating  problems.  Even 
when  the  radiation  losses  are  large,  solutions  to  this  set  of  equations  are  often 
useful  as  reference  conditions. 
'rad 
2.3 THE CHEMICAL EQUILIBRIUM PROGRAM (EQUIL) 
The  solution  procedure of Section 2.2 has  been  automated  to  solve  Equa- 
tions ( 3 )  to (7) employing  the  base  species  concept  and  including  a  conservation 
of  charge  relation  when  required  (for  ionized  systems). The equilibrium  constants 
are  obtained  using  the  method  of  Section 2.1.4. The specific  heats  for  each  spe- 
cie  are  input  through  two  curve-fits - one  for  each  of  two  allowable  temperature 
ranges - of  the  form 
co = F~ + F ~ T  + F ~ / T ~  
Pi 
where  the  coefficients  are  generally  established  by  least-squares  fits  to  tabula- 
tions  of  Co  versus  T  data  such  as  that  given  in  the  JANAF  tables  (Ref. 5.1. 
Tables  of  the  coefficients  are  given  in  Reference 3 for  many  species of interest. 
The  additional  data  required,  heats  of  formation  and  the  base  state  conditions, 
are  also  generally  available  in  tabulations  such  as  Reference  5. 
Pi 
The  program  has  been  run  extensively  as  a  part  of  the  Aerotherm  Chemical 
Equilibrium  (ACE)  program  (which  is  of  equal  accuracy  but  greater  generality). 
Computational  times  on  computers  such  as  the  UNIVAC 1108 or  CDC 6600 are  on  the 
order  of  two  to  three  seconds  per  solution. 
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SECTION 3 
ABSORPTION  COEFFICIENTS OF THE BOUNDARY LAYER SPECIES 
3.1 IMPORTANT  ABSORPTION  MECHANISMS 
The  spectral  absorption  coefficient  for  a  plasma  consisting of a  mixture 
of elements  is in  general 
where  the  first  term  represents  the  continuum  contribution  with  its  summation 
taken  over  all  continuum  transitions  (N1),  and  the  second  term  represents  line 
contributions  with  the  summation  taken  over  all  the  lines (N ) . For  the  plas- 
ma  conditions  of  interest,  the  important  continuum  transitions  include  atomic 
photoionization,  photodetachment,  free-free  transitions,  photodissociation  and 
molecular  photoionization  in  approximately  a  decreasing  order  of  importance. 
The atomic  line  transitions  are  very  important.  The  molecular  band  systems 
can  be  important  for  some  conditions. 
L 
3.1.1 Atomic  Continuum  Transitions 
In general,  continuum  contributions  depend  on  the  plasma  state  (to  a  satis- 
factory  approximation)  only  through  the  populations f the  absorbing  levels, 
viz. 
where  Nij  is  the  number  density of the  absorbing  level  and oi;(v) is  its  cross- 
section.  The  number  densities  must  be  obtained  from  thermodynamic  state  cal- 
culations  and  the  cross  sections  either  from  quantum  mechanical  calculation  or 
experiment. 
Hydrogen  cross  sections  are  well  understood,  exact  values  being  available 
(Ref. l o )  
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where the  subsc r ip t s  b f  and f f  re fe r  to  bound-f ree  (photo ioniza t ion)  and free-  
f r e e  t r a n s i t i o n ,  r e s p e c t i v e l y .  The quan t i ty  na is t h e  p r i n c i p a l  quantum num- 
ber of  the absorbing level ;  Ne is t h e  number dens i ty  o f  f r ee  e l ec t rons ;  gbf 
and g f f  a r e  Gaunt f a c t o r s  which a r e  a v a i l a b l e  i n  t a b u l a r  form (Ref. l o ) ,  and t h e  
o the r  symbols  have t h e i r  u s u a l  meanings. The Gaunt f a c t o r s  a r e  o f t e n  t a k e n  t o  
be  uni ty  (a good approximation) or expressed in terms of  she l l  averages  (;?ff). 
This allows a c losed  form express ion  to  be  obta ined  for  the  f ree- f ree  cont r i -  
bu t ion  for  the  z ,z+l  s tage  of  ion iza t ion  (Ref .  l l),  v iz .  
where QZ and QZ+l a r e  t h e  e l e c t r o n i c  p a r t i t i o n  f u n c t i o n s  of t he  atom  and i ts  
ion ,  respec t ive ly ,  where x' i s  the ionization energy of the atom, where z+l is  
the charge on the  r e s idua l  i on .  The photoionizat ion contr ibut ion is a l s o  s i m -  
p l i f i e d ,   v i z ,  
where vna is the threshold frequency of t h e  l e v e l  na. A t  s u f f i c i e n t l y  h i g h  
values  of  na,  the levels  are  so c lose ly  spaces  tha t  t he  summation  can  be 
approximated by  an in t eg ra t ion  ( see  Ref. 12, f o r  example) 
where n is t h e  l o w e s t  l e v e l  t o  be inc luded  in  the  in tegra l  formula t ion  and 
is  the highest  level  a l lowed at  the given plasma condi t ion.  
\ 
I n  the case of the heavy atoms, no exac t  c ross  sec t ions  a re  ava i lab le .  
The most widely accepted method of c a l c u l a t i n g  them i s  the  "quantum defec t"  
approximation as put forth by Burgess and Seaton (Ref. 13) .  This method has 
been used by Armstrong, Johnston and Kelly (Ref. 14, see  a l so  Refs .  15, 16, and 
1 7 ) t o  o b t a i n  t h e  l e v e l  c r o s s  s e c t i o n s  f o r  t h e  l e v e l s  o f  N and 0. A compilation 
1 7  
A useful approximation for the heavy atom con t r ibu t ions  a t  low frequen- 
cies has been proposed by Biberman and Norman (Ref. 15). They a l so  use  the  
quantum d e f e c t  method but have obtained an approximate,  closed form solution 
f o r  t h e  t o t a l  c o n t r i b u t i o n .  T h e i r  r e s u l t s  are p r e s e n t e d  i n  terms of  two 
c o r r e c t i o n  f a c t o r s  t o  be appl ied  to  the  hydrogenic  formula ,  v iz .  
where r = 2QZ+l /Qz.  Tabulated  values  of 5 (hv,T) are ava i lab le   (Ref .   15)   for  
many d i f f e r e n t  atoms. The abso rp t ion  coe f f i c i en t s  ca l cu la t ed  from Equation 
(41)  show su rp r i s ing ly  good agreement with the fully detailed ones of Armstrong 
e t . a l . (Re f .  1 4 ) .  Tabula ted  va lues  of  the  e f fec t ive  c ross  sec t ions  of  C and C+ 
as obtained from Equation ( 4 1 )  a r e   ava i l ab le   (Re f .  11). 
Figure 2 shows nitrogen continuum cross sections taken from References 1 4  
and 15  and i l l u s t r a t e s  t h e  dominant importance of the photoionization edges. 
3 .1 .2  Atomic Line  Transi t ions 
The a b s o r p t i o n  c o e f f i c i e n t s  o f  t h e  a t o m i c  l i n e  t r a n s i t i o n s  depend  on t h e  
plasma condition both through the population of the absorbing level and also 
through  the  shapes  of  the  l ines.   Thus,  
where f is t h e  o s c i l l a t o r  s t r e n g t h  o f  t h e  kth l i n e  i n  t h e  jth series of 
l i n e s  and bk ( j )  (v.TIP,x1,x 2,...) i s  the  l i ne  shape  and i s  a func t ion  of  f re -  
quency  and the plasma condition. The l ine shape obeys the normalizat ion con- 
d i t ion  (omi t t ing  the  expl ic i t ly  wr i t ten  func t iona l  dependence  on  the  p lasma 
cond i t ion  fo r  b rev i ty )  
k ( j )  
P bk(v)dv = 1 
0 
but  otherwise i s  f r e e  t o  t a k e  on a va r i e ty  o f  func t iona l  forms depending upon 
the species involved and the broadening mechanisms (or combination of mechanisms). 
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Figure 2 .  Continuum Cross Sections of Nitrogen 
For the heavy atomic species,  the dominant broadening mechanism is S t a r k  
broadening by electron impacts. Following Armstrong e t .a l . (Ref . l4)  it is  
assumed tha t  each  mul t ip l e t  can  be t r e a t e d  a s  a l i n e  w i t h  a Lorentz shape,viz.  
where vk i s  the  f requency  of  the  l ine  center  and yk i s  t h e  S t a r k  ( h a l f )  h a l f -  
width  which i s  a funct ion of  the plasma condi t ion.  Correct ions to  Equat ion 
(43) due t o  J - s p l i t t i n g  and e f f e c t s  due to  ion  pe r tu rbe r s  a re  o f t en  ignored .  
S 
The (half)  half-widths ,  yk ,  can be ca lcu la ted  from the  e l ec t ron  impac t  S 
approximation. G r i e m  (Ref.18) has worked out the proper formulation and 
t a b u l a t e s  d a t a  f o r  many t r a n s i t i o n s  and for  severa l  e lements .  Wilson  and 
Nicole t  ( R e f .  11) have  per formed the  ca lcu la t ions*  for  a l l  the  impor tan t  t ran-  
s i t i o n s  i n  N,  N+, 0, 0+, C and C+. A comparison  given  by  Wilson  and Greif 
(Ref. 1 9 )  shows tha t  the  da ta  of  Reference  11 compares favorably  wi th  tha t  o f  
Reference 18. Page e t  .al .  (Ref. 20)  r epor t  t ha t  t he  (ha l f )  ha l f -wid ths  from 
Reference 11 can be approximated as 
where n = 0 .25 ,  0 . 4 6  and 0.43 fo r  n i t rogen ,  oxygen and carbon, respectively. 
For many plasma condi t ions of  present  interest ,  the  degree of  ionizat ion 
is  very low.  Under such conditions, resonance broadening can be g rea t e r  t han  
Stark  broadening ,  y ie ld ing  l ines  wi th  Lorentz  shapes  having  (ha l f )  ha l f -wid ths  
which can be calculated in an impact approximation (Ref.  9 )  a s  
H e r e  fres, vres, gi and  gu a l l  belong t o  t h e  r e s o n a n c e  l i n e  and are ,  respec-  
t i ve ly ,  t he  abso rp t ion  osc i l l a to r  s t r eng th ,  t he  cen te r  f r equency ,  t he  lower  
s t a t i s t i c a l  w e i g h t  and the upper state s t a t i s t i c a l  weight. Na is t h e  number 
of  per turb ing  atoms p e r   u n i t  volume. 
* 
I t  should  be  noted  tha t  un t i l  recent ly  an erroneous approximation was usua l ly  
made i n  t h i s  c a l c u l a t i o n  (see Ref. 11 f o r  a discussion of t h i s  p o i n t )  which 
r e su l t ed  in  ha l f -wid ths  which were much too  l a rge .  
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The broadening mechanisms for atomic hydrogen require exceptional treat- 
ment. The S t a r k  s p l i t t i n g  of hydrogen l ines  i s  much g r e a t e r  t h a n  t h a t  of 
o the r  spec t r a  ( R e f .  2 1 ) .  T h i s  e f f e c t  is connected with the accidental  degen- 
e r a c y  i n  hydrogen whereby terms of  the  same p r i n c i p a l  quantum number b u t  d i f -  
f e r e n t  o r b i t a l  quantum  numbers have (very near ly)  the same energy. Further,  
it is known that broadening caused by ion perturbers is no t  neg l ig ib l e  com- 
pared to  that  caused by electron impacts  (see Ref. 22) . Thus, 'the Lorentz 
l ine shapes often cannot be used. The l i ne  shape  in  the  co re  r eg ion  of each 
of the important hydrogen l ines was obtained by G r i e m ,  Kolb and Shen (Ref. 2 2 )  
and i s  ava i lab le  in  numer ica l  form.* Asymptotic equations are given by G r i e m  
(Ref. 1 8 )  for  the  shape  of the  fa r  wings ,  v iz .  
and 
The parameter a ( v )  is  def ined as  
and values  of Ck and Rk are ava i lab le  
const .  x (w - - I 'k) 
2 . 6 1  x 1 0 - E v k 2 e N e 2 ~ 3  
i n  Ref. 18 .  For t r ans i t i ons   i nvo lv ing  
h igh ly  exc i t ed  l eve l s ,  Griem (Ref. 23) has shown that electron impact broaden- 
ing is  dominant.  Thus,  the  Lorentz  shape  can  be  used  with  the  (half)  half- 
widths taken from G r i e m  (Ref. 23) , v i z .  
S y k  = c0nst.N loglo e ( 4 9 )  
where nA and nu a r e  t h e  p r i n c i p a l  quantum numbers of the lower and upper levels 
o f  t h e  t r a n s i t i o n ,  r e s p e c t i v e l y .  
*The G r i e m  e t .a l .  (Ref. 2 2 )  l ine shapes have recently been revised by Kepple 
(Ref. 2 4 ) .  Comparisons c i t e d  i n  Ref. 2 4  i nd ica t e   exce l l en t  ( -10%)  agreement 
between calculated and measured half  widths.  
2 1  
The l ines  o f  a l l  the species  can also be broadened by the Doppler  effect .  
Hunt  and Sibulk in  ( R e f .  9 )  have  recent ly  poin ted  out  tha t  it is  impor t an t  t o  
i n c l u d e  t h i s  mechanism f o r  some plasma condi t ions of  interest .  The Doppler 
broadened l ine acquires  the shape 
where yk i s  the  Doppler (ha l f )  ha l f -wid th  and is  given by D 
where m i s  the  mass  of t h e  r a d i a t i n g  p a r t i c l e .  I n  o r d e r  f o r  t h i s  mechanism 
t o  p a r t i c i p a t e  i n  a meaningful way i n  t r a n s p o r t  c a l c u l a t i o n s ,  yk  mus t  be very 
much la rger  than  y k  + yk.  This effect  occurs because the Doppler wings  decay 
exponentially:  whereas,  the Lorentz wings decay quadrically,  and  most of t h e  
radiant  energy is  (usua l ly )  t r anspor t ed  in  the  wings. 
i D 
S R  
Some of  the  a tomic  l ines  can  be  t rea ted  l ike  a continuum ra ther -  than  
ind iv idua l ly .  The h igh  l i nes*  in  a given series always become overlapped as 
they   approach   the i r   se r ies  l i m i t .  Armstrong  (Ref. 25)  has shown t h a t  t h e  
photoionizat ion threshold can be s h i f t e d  t o  lower frequencies to account for 
the  cont r ibu t ions  from t h e s e  l i n e s ,  v i z .  
Ahv - (I$/kT)l /7 
where Ahv is t h e  s h i f t  i n  t e r m s  of  photon energy. 
Lines  belonging to  high ser ies** can also be t reated as  a continuum con- 
t r i b u t i o n .  They become overlapped a t  low f requencies :  in  addi t ion ,  they  a re  
usua l ly  weak. In tegra l  formula t ions  for  the  cont r ibu t ions  of  these  l ines  have  
been  obtained  in a var ie ty  of  inves t iga t ions  (Refs .  9 and 2 6 ,  for  example).  
* 
The h i g h  l i n e s  i n  a s e r i e s  a r e  a s s o c i a t e d  w i t h  t r a n s i t i o n s  which have upper 
l eve l s  w i th  l a rge  p r inc ipa l  quantum number. 
The h i g h  s e r i e s  a r e  a s s o c i a t e d  w i t h  t r a n s i t i o n s  which have lower leve ls  wi th  
l a r g e  p r i n c i p a l  quantum numbers. 
** 
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A l l  approximate the l ine s t rengths  by shel l  averaged hydrogenic  values .  This 
is c o n s i s t e n t  w i t h  t h e  f u l l y  d e t a i l e d  c a l c u l a t i o n s  ( R e f .  1 4 ) .  For a uniform 
and o p t i c a l l y  t h i n  plasma, Vorobyov  and Norman (Ref. 26) have obtained the 
t o t a l  e m i s s i o n  p e r  u n i t  volume ( j )  of  a l l  t h e  t r a n s i t i o n s  o r i g i n a t i n g  a t  o r  
above the l e v e l  k, v i z .  
Even fo r  s t rong  and /o r  i so l a t ed  l i nes ,  a f u l l y  d e t a i l e d  e v a l u a t i o n  o f  
Equations  (34) , ( 4 2 ) ,  and  (43) i s  o f t en  no t  r equ i r ed ;  r a the r ,  t he  l i ne  g roup  
apprqximat ion   can   be   u t i l i zed .   In i t ia l ly ,   the   f requency   range  of i n t e r e s t  
is d iv ided  in to  a number of increments. Each increment defines as a l i n e  
group those l ines  which are centered within it. The l i ne  con t r ibu t ions  a t  
a f requency point  within a frequency increment i s  obtained by summing over 
on ly  those  l i nes  wi th in  i t s  l i n e  group.  This  approximation  usually  yields 
a s i g n i f i c a n t  s i m p l i f i c a t i o n .  Its reg ion  of  va l id i ty  w i l l  be  d iscussed  in  
Sect ion 3.2.2. 
3.1 .3  Molecular Band Trans i t ions  
The r o t a t i o n a l  l i n e s  s i t u a t e d  i n  
t r e a t e d  as a pseudo continuum, rather 
molecular band systems can also be 
than  ind iv idua l ly ,  fo r  many plasma con- 
d i t i o n s  o f  i n t e r e s t .  The dens i ty  of  molecular  l ines  i s  always  very large, 
and it can be assumed t h a t  t h e y  a r e  f u l l y  o v e r l a p p e d  and/or weak. Frequency 
averaged models are nearly always employed i n  which only the bands within the 
system are considered individually (smeared band model) or only the gross 
shape of  the band system i tself  is retained (bandless  model) .  Such da ta  is 
adequa te  fo r  s tud ie s  in  which high spectral r e so lu t ion  is not  required.  
The low frequency band systems of t h e  a i r  species (N2(1+),  N2(2+),  N 2 + ( 1 - ) ,  
02(S-R), N O ( B ) ,  NO(y))  have  been  extensively  studied.  Frequency  averaged con- 
t r i b u t i o n s  are presented by Aroeste and Magee (Ref. 27) and  Biberman  and 
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Figure 3 .  Typical   Absorpt ion  Coeff ic ient   Predict ions 
Including Important Molecular Contributions 
Mnatsakanyan  (Ref. 281, among  others. A representative  comparison*  of  their 
results  is  given  in  Figure 3. It is seen  that  noticeable  differences  exist  in 
some of the  details,  but  the  general  levels  are  in  agreement  except in th  
ultraviolet  where  Biberman  and  Mnatsakanyan  (Ref.  28)  included  contributions 
from  more  transitions.  Biberman  and  Mnatsakanyan  (Ref. 28) showed  that  their 
data  is also  in  good  agreement  with  the  data  (viewed  with  low  spectral  resolu- 
tion) of Churchill  et.al.  (Ref.  29)  in  which  over  150,000  lines  were  considered 
individually. 
A  large  number of high  frequency  band  systems  have  been  identified  for 
the air  species  (see Ref. 30, for  example) . Sufficient  data  is  not  available 
to  allow  accurate  calculations of the  contributions  from  each  individual  band 
system:  however,  the  total  contribution  from  each  molecular  species  can  be 
estimated.  Gilmore  (Ref.  31)  investigated  the  relative  importance of 02, NO 
and N2 in  air  (contributions  from  other  species  being  negligible), at hv = 
9.77 ev  and  for 2,000°K I T 6 8,000°K. He  found  that 02, NO  and N2 contribu- 
tions  dominate  at  low,  medium  and  high  temperatures,  in  that  order.  The O2 
contribution  was  attributed to  the  usual photodissociation  continuum. The 
sources  of  the  NO  and N2 contributions  have  not  been  positively  identified. 
The  high  frequency  contributions  of  NO  were  investigated  by  Biberman  and 
Mnatsakanyan  (Ref.  28). They  found  that  the  NO(6)  and NO(€) systems  make  sig- 
nificant  contributions  in  the  range 5.2 ev i hv < 8 . 2  ev  and  for  an  extended 
range  of  temperature. At higher  frequencies,  the  room  temperature  data of 
Watanabe  (Ref. 32) show  that  important  contributions  from  NO  exist  above 
hv % 9.3 ev.  Biberman  and  Mnatsakanyan  (Ref.  28)  used  the  room  temperature 
cross  sections to estimate  the  high  temperature  contribution  in  this  frequency 
range.  The  resulting  total  contribution  for  NO  is  high below 8.2 ev  and  above 
9.3 ev  with  a  pronounced  minimum  in  between.  This  minimum  is  probably  spuri- 
ous,  caused  by  a  lack  of  data  and  the  use  of  room  temperature  cross  sections 
rather  than  an  absence of absorbing  mechanisms.  Accordingly,  Biberman  and 
Mnatsakanyan  (Ref.  28)  recommend  interpolating  between  the  two  contributions 
and  disregarding  the  minimum.  In  view  of  the  absence  of  more  nearly  complete 
data,  this  approach  seems  superior  to  the  usual  one  of  ignoring  these  systems. 
The total  high  frequency  contribution of N2  has  been  investigated  experi- 
mentally  by  Appleton  and  Steinberg  (Ref. 3 3 ) and  theoretically  by  Allen  (Ref. 
3 4 ) . * *  In the  experimental  study,  the  contribution  in  the  frequency  range 
* 
It was  necessary  to  interpolate  between  the  data  points  presented  in R f.28 
to allow  the two  sets of  data to be  compared. 
The  contributions of particular  band  systems  have  also  been  studied  by 
Churchill  et.al.  (Ref. 3 5 )  and  Gilmore  (Ref.  31) . 
** 
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9.27 ev % hv % 10.4 ev  are  measured, and'a method is suggested by  which  they 
can be obtained to 12.75  ev. In the  theoretical  study,  Allen  assumes  that 
the  total  contribution  is  dominated by the  long  wave  length  "tail" of the  N2 
Birge-Hopfield systems b' 'x u+ - X 'x and b 'n - X ICg+ for the 
frequency  range 7.0 ev 2 hv s 14.25  ev. For frequencies  above  about  10.5  ev, 
the  experimental  data  is  substantially  above  the  calculated  data  indicating 
that contributions  from  sources  other  than  the  Birge-Hopfield  systems  are 
important.  However,  there is no  reason  to  believe  that  Allen's  data  is  in 
error at the  lower  frequencies.  Thus,  the  experimental  data c n  be used  in 
the  frequency  range 9.27  ev 5 hv s 12.75  ev  and  the  theoretical  data  in  the 
range 7.0  ev s hv 5 9.27  ev. 
The contributions  from  the  ablation  product  species  are  available  from 
several  sources. The species  associated  with  the C02 - N2 system  have  been 
studied by Arnold,  Reis  and  Woodward  (Ref.  361  and  more  recently by Woodward 
(Ref.  37). They considered  the  CN(V),  CN(R), C2 (Swan)  and  C0(4+)  along 
with  the  usual  air  systems.  The  contribution  from  the  first  three  band  sys- 
tems  are  considered to  be  reasonably  well  established. In the  case of the 
C0(4+)  system,  significantly  lower  estimates  of  the  magnitude of its  contri- 
bution  are  also  available  (see  Ref.  38,  for  example).  The  contributions  of 
the Ci (Freymark),  C2(Fox-Herzberg),  C2(Mulliken),  H2(Lyman)  and  H2(Werner) 
band  systems  are  also  available  (see  Appendix A and  Ref.  39). 
3.1.4 Other  Transitions 
The o2 Schumann-Runge  photodissociation  continuum  is known to be the 
most  important  ultraviolet  contributor  for  the  air  system  at  lower  tempera- 
tures (Ref. 31) . Evans  and  Schexnayder  (Ref.  40)  have  studied  this  transi- 
tion  experimentally  and  numerically.  A  comparison  between  their  results  and 
the  approximate  Sulzer-Wieland  formula 
1 /2 
pPD V = 1.45  x  Ni[tanh (-:)I exp [ - tanh (-) ( hv0;8&56)2] 
indicates  that  it  is  accurate  up  to  temperatures  sufficiently  high  to  cause 
O 2  dissociation,  provided  that  a  threshold  frequency of 7.1 ev is  imposed. 
The  photodetachment  transition of the  negative  ions of atomic  oxygen  and 
hydrogen  are  known  to  exist  and  to  be  important  for  some  plasma  conditions. 
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The  cross  sections  for 0- are available  from  the  work of Churchill, ~mstrong 
and  Mueller  (Ref. 35). The cross  sections of H-  are  very  well  known  and  are 
available  from  several  sources  (Refs. 41, 42, and  43),  agreement being on the 
order of five  percent.  The  C-  ion  is  also known to undergo  a  photodetachment 
transition,  and  cross  sections  have  been  obtained  by  Cooper  and  Martin  (Ref. 
44),  and  are  in  fair  agreement  with  the  measurements  of  Seman  and  Branscomb 
(Ref.  45) .
The  contribution  of  the N-  ion  is  currently  being  debated.  Norman  (Ref. 
46)  argues  in  favor  of  an  appreciable  photodetachment  contribution  and  points 
out  that  the  utilization of a  reasonable  cross  section (- 8 x cm') greatly 
enhances  the  agreement  between  calculated  (Ref.15)  and  measured  (Ref. 47)  con- 
tinuum  emission. The  recent  measurements of Morris  et.al.  (Ref.  48)  also  in- 
dicates  a  substantial  N-  Contribution.  However,  the N- contribution  is not 
taken  into  account  in  most  of  the  theoretical  papers  on  the  emission  of  an 
air  plasma,  including  many of the  most  recent  ones  (Refs. 9 , 14, and 19) . It 
has not  been  positively  established  that  the  ion  is  stable,  especially  in  its 
ground  state. Further,  its  photodetachment  cross  section  is  completely  un- 
known.  Thus,  the N- photodetachment  contribution  is  required  to  make  predic- 
tions  agree  with  recent  experimental  findings,  but  the  transition  is  not  suf- 
ficiently  well  understood  to  allow  predictions  to  be  made  from  first  principles. 
A numerical  investigation  of  the  possible  effects of this  transition  is  given 
in  Section 5.1. 
The  contributions  from  molecular  photoionization  transitions  are  impor- 
tant  on  occasion.  Biberman  and  Mnatsakanyan  (Ref. 28)  found  that  the  NO 
photoionization  contribution  makes  an  important  contribution  to  their  total 
high  frequency NO Contribution.  However,  other  molecules  such  as CO, Hz, and 
O2 have  photoionization  thresholds at  such  high  frequencies  that  they  can 
usually  be  neglected. 
Finally,  there i s  reason  to  believe  that  absorption  and  scattering  by 
particulate  matter  (carbon  primarily)  can be important  for  some  cases  (see 
Ref. 38 , for  example). It is  felt  that  this  phenomena  is  not  sufficiently 
well  understood to be described  quantitatively.  Consequently,  the  present 
model  is  applicable to  those  cases  where  only a negligible  interaction  exists 
between  the  radiation  field  and  any  particulate  matter. 
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3.2 THE RADIATION PROPERTIES MODEL 
The r a d i a t i o n  p r o p e r t i e s  which are f e l t   t o  be most  near ly  cons is ten t  wi th  
the ob jec t ives  o f  t he  p re sen t  s tudy  are given in Sections 3.2.1,  3.2.2,  and 
3.2.3.  These are u l t imate ly  used  in  the numerical  work p resen ted  in  Sec t ion  5. 
3.2.1 Molecular Band Model 
The bands within each band system are smeared according t o  t h e  scheme 
where t h e  Av are se lec ted  such  the  cv varies smoothly.  The "bandless  model" 
o b t a i n e d  i n  t h i s  f a s h i o n  is  e s s e n t i a l l y  t h e  same as tha t  p roposed  o r ig ina l ly  
by Meyerott e t - a l .  (Ref. 49)  and  used more recent ly  by  Biberman  and  Mnatsakan- 
yan  (Ref.  28). I t  i s  f e l t  t o  be s a t i s f a c t o r y  f o r  r a d i a t i o n  h e a t i n g  calcula- 
t i o n s  .* 
3 . 2 . 2  Atomic  and Ionic   Line Model 
The l ine group approximation is  employed t o  s i m p l i f y  t h e  c a l c u l a t i o n .  The 
frequency range of  interest  is d iv ided  in to  a number of frequency increments - 
15 t o  20 or  thereabout.   These are not   necessar i ly   connected.  Each  one de f ines  
as a l i ne  g roup  those  l i nes  which are centered within it. The l i ne  con t r ibu -  
t i o n s  a t  a frequency point within a frequency increment i s  obtained by  summing 
over  only those l ines  within i ts  group.  This  approximation i s  v a l i d  u n l e s s  
a l l  three of  the fol lowing condi t ions are s a t i s f i e d :  
(1) The pa th  lengths  are s u f f i c i e n t l y  l o n g  and t h e  e l e c t r o n  d e n s i t i e s  
s u f f i c i e n t  h i g h  t o  l e a d  t o  b l a n k e t i n g .  
( 2 )  The l i n e  group  boundaries are p l a c e d  i n  between c lose ly  spaced  l ines .  
(3)  The continuum i n t e n s i t i e s  a r e  n o t  a l r e a d y  b l a c k  body. 
In addition, the l ine group approximation becomes inaccura te  for  ex t remely  
long path lengths  where the equivalent  width of an  i so l a t ed  l i ne  can  become 
greater  than the width of  the l ine group.** The ske tch  i l l u s t r a t e s  t he  cond i -  
t i o n s  where the l ine group approximation i s  va l id  (F igure  4 ( a ) ) ,  introduces 
sma l l  e r ro r s  (F igu re  4 (b)  ) and s i g n i f i c a n t  e r r o r s  ( F i g u r e  4 (c) ) . 
f A s i o n  is g iven  in  Sec t ion  4 . 2  on t h e  e f f e c t  t h i s  a p p r o x i m a t e  model 
has on the  ca l cu la t ion  o f  r ad ia t ive  f luxes .  
This  very  ra re ly  occurs ,  however. 
** 
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S P E C T R A  
\ 
A C T U A L  
C O N T I N U U M  
Figure 4. Intensities  in  the  Line 
Group  Approximation 
An a d d i t i o n a l  c l a s s i f i c a t i o n  o f  t h e  l i n e s  i s  required.   Lines  having a 
lower level  w i t h  a p r i n c i p a l  quantum number  (n,) o f  fou r  o r  g rea t e r  are con- 
s i d e r e d  t o  b e  h i g h  series l ines .  Con t r ibu t ions  from them are obtained from 
in tegra l  formulas  (Eq. (52)). Lines  having  an nL e q u a l  t o  o r  less than two 
are t h e  v e r y  s t r o n g  l i n e s  s i t u a t e d  i n  the u l t r a v i o l e t .  The contributions from 
them a r e  c a l c u l a t e d  i n  f u l l  d e t a i l  ( w i t h i n  the l i n e  group approximation). Lines 
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having an nL o f  t h ree  appea r  i n  the  in f r a red  and ,  t o  a lesser 
ble range of the spectrum. They are of  in te rmedia te  s t rength  
s t r o n g  t o  b e  c a l c u l a t e d  by an in t eg ra l  fo rmula  bu t  no t  s t rong  
a fu l ly  de t a i l ed  ca l cu la t ion .  Con t r ibu t ions  f rom these  l ines  
cons ider ing  the  cont r ibu t ions  f rom an  "average"  l ine  (def ined  
e x t e n t ,  t h e  v i s i -  
- probably too 
enough t o  r e q u i r e  
are obtained by 
by an averaged 
l i n e  w i d t h  and  f-number)  and mult iplying by t h e  number of l i n e s .  The averag- 
ing  process  i s  l i m i t e d  t o  l i n e s  w i t h i n  t h e  same line group and having lower 
l eve l s  w i th  the  same p r i n c i p a l  and o r b i t a l  quantum  numbers. This approach 
neg lec t s  l i ne  ove r l app ing ,  an  e f f ec t  which should be of negligible importance 
f o r  t h e s e  l i n e s  f o r  most cases of i n t e r e s t .  
The r ad ia t ive  p rope r t i e s  model adopted  for  the  present  ca lcu la t ions  w a s  
taken  from  the  sources  of data g iven   in   Tables  11-V. The atomic  and i o n i c  
continuum  contributions are g iven  in  Table  11, the  a tomic  and  ion ic  l ines  in  
Table I11 the  molecular  bands in  Table  IV, and t h e  o t h e r  c o n t r i b u t i o n s  i n  
Table v. 
TABLE I1 
ATOMIC AND I O N I C  CONTINUUM 
Species 
Hydrogen 
_-__ 
Oxygen and 
Nitrogen 
" " - - - - " - - 
Carbon 
All atomic 
ions  
Trans i t ions  
High frequency photo- 
ion iza t ion  edges  
Low frequency photo- 
i on iza t ion  
f r ee - f r ee  
High frequency photo- 
ionizat ion edges 
Low frequency photo- 
i on iza t ion  
f r ee - f r ee  
- - - . -___ 
High frequency photo- 
ionizat ion edges 
Low frequency photo- 
i on iza t ion  
f ree- f rde  
A l l  t r a n s i t i o n s  
Source 
~~ 
Eq. (36) with  Gaunt 
f ac to r  o f  un i ty  
Eq. (38 )  with Gaunt 
f ac to r  o f  un i ty  
Numerical da t a  from 
Ref. 11 
Eq. (41) modified em-  
p i r i c a l l y   t o   b e t t e r  
agree with data from 
R e f .  11 
Eq. (38) with  Gaunt 
f a c t o r  of unity 
Numerical da t a  from 
Ref. 11 
__. "" "" .. 
Eq. ( 3 8 )  with Gaunt 
f a c t o r  of unity 
Not included as t h e i r  
continuum t r a n s i t i o n s  
are negl ig ib ly  small 
__._"_ . - 
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TABLE I11 
ATOMIC AND I O N I C  LINES 
T Sources of D a t a  
~ ~~ 
Trans i t i ons  -2 width 1 
Line 
Shape 
Nume r - 
i c a l  
d a t a  
from 
R e f  - 2 2  
"
Other Species  
lydrogen 
Ixygen 
Zitrogen 
3arbon 
(atoms  and 
ions)  
f-no . 
R e f  -50 Lyman a 
B 
Balmer a 
B 
Eqs (46-48)  used 
where appl icable  
Other l i n e s  
accounted for  
i nd iv idua l ly  
R e f  -50 sq. ( 4 3 )  Eq. (50) used 
when appl icable  
Ion iza t ion  thres- 
hold lowexed 
(g = 8) 
~ ; 1  taken  equal  
to j /Bv w i t h  j 
from Ea. (52) 
High l i n e s  
High series 
Ref. 11 
and 
Eq. ( 4 4 )  
Zqs. (45)  and  (50 
lsed when appl i -  
=able  
~~~ 
A l l  l i n e s  
accounted for 
i nd iv idua l ly  
Ref. 11 
High l i n e s  Ioniza t ion  thres -  
hzld lowered 
In = 8) 
High series 1; , t aken   equal  
to  ]/B with j 
from ~ 3 .  (52) 
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TABLE IV 
MOLECULAR BAND SYSTEMS 
Transitions 
1+ 
2+ 
Birge  Hopfield 
Schumann-Runge 
Band S ys tem 
Y 
B 
E , &  
1- 
red 
violet 
Swan 
Freymark 
Mulliken 
Lyman 
Werner 
.. . ". . _____ 
4+ 
Curve  fits to numerical  data 
from  Ref. 28 
Curve fits  to  numerical  data 
from  Ref. 34 for hv S 10.5  ev 
and  from  Ref. 33 for  hv > 10. 
Curve  fits to numerical  data 
from  Ref. 28 
Curve  fits  to  numerical  data 
from  Ref. 37 
Curve  fits  to  numerical  data. 
See  Appendix  A. 
Curve  fits  to  numerical  data 
from  Ref. 37 
Species Transitions 
,O 2 Photodissociation 
0 Photodetachment 
- 
-~ ~~. ~~~ 
H- Photodetachment 
1 N I Photodetachment - 
Source 
TABLE V 
OTHER CONTRIBUTORS 
l---" Photodetachment 
I N2, O2 I Photoionization 
ALL Particulate  absorp- 
tion  and  Scattering 
NO Photoionization 
Source 
Eq- (53) 
Curve  fits  to  numerical  data 
from  Ref. 35 
Curve  fits  to  numerical  data 
from  Ref. 41 
~ ~ 
It is  not  included  in  the  nu- 
merical  work  unless  it  is 
called  out.  Then,  the  contri- 
bution  is  consistent  with  the 
data  of Ref. 48 
Numerical data from  Ref.  45 
- 
Neglected 
Neglected 
Numerical  data  from  Ref. 28 
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SECTION 4 
TRANSPORT  MODEL 
4.1 FORMULATION 
The  basic  equation  governing  the  transfer of radiation  through  a medium' 
in  local  thermodynamic  equilibrium can be written as 
dI & = I"; ( Bv - Iv) 
where I is  the  spectral  intensity, B is the  Planck  function, S is  the  ray 
length, p ' i s  the  absorption  coefficient  corrected  for  induced  emission,  viz. 
and pv is the  ordinary  absorption  coefficient. 
In computing  radiation  fluxes  across  boundary  and/or  shock  layers, it is 
convenient  to  make  the  tangent  slab  approximation. Thus, the  properties  along 
any  ray can  be  related  to  those  along  the  normal  coordinate  (y)  by  applying  a 
cosine  transformation.  The  coordinate  system  is  shown  in  Figure 5. The  re- 
sulting  expressions  for  the  optical  depth,  directional  fluxes  and  total  flux 
are  well  known  and  can  be  written  in  the  form 
where  a  diffuse  wall  has  been  assumed  (reflectance rv and  emittance E:) and 
where Ev and Jr are  the  black  body  emissive  power  and wall radiosity,  respec- 
tively,and  are  defined  as 
W 
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m OUTER BOUNDARY 
R A D I A T I N G   A S E S  
4 
- - Q  
4 
Figure 5. Coordinate S y s t e m  
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Ev = aBv 
F i n a l l y ,  e m i s s i v i t i e s  (E:) are used as independent variables,  
E+ = 1 - 2&3(tv - Tv) , tv 2 Tv 
V (G oa3 
- 
€ = 1 - 2&3(7v - tV' , t, _< T v  
V ( G  Ob) 
where the  t, are dummy values  of op t i ca l  dep th  and the  &n(x)  func t ions  are 
exponen t i a l  i n t eg ra l s  of order n.  
The exponential  approximation can be used t o  f u r t h e r  s i m p l i f y  t h e  equa- 
t i ons  wi thou t  an  apprec i ab le  lo s s  i n  accu racy .  I t  is known (see Ref. 9 ,  f o r  
example) t h a t  when the approximation 
i s  made, exac t  t r anspor t  
v i z .  
F t  (-lv 
so lu t ions  are o b t a i n e d  i n  t h e  o p t i c a l l y  t h i n  limit 
Ev  (t,) d t v  , -lb V -+ 0 
I t v - T v  I b 
I n  t h e  o p t i c a l l y  t h i c k  limit, t h e  d i r e c t i o n a l  f l u x e s  become 
aE 
Ff = E  f c v +  ... v v pv  ay . o(*), p v  -+ l a rge  
where C = 1 / 2  for the approximate model  and 2/3 f o r  t h e  e x a c t  model.  Thus, 
the approximate model a g r e e s  t h r o u g h  t h e  f i r s t  t e r m  (hence it i s  e x a c t  i n  t h e  
l i m i t  p v  -f m ) .  F u r t h e r ,  t h e  n e t  f l u x  as ca l cu la t ed  from the Rosseland formula, 
v i z .  
is of sa t i s fac tory  accuracy  cons ider ing  i ts  h igher  order  na ture ,  v iz .  
Fv - Fv -+ 0 as p v  + - + m  
3 5  
Thus ,  the  emiss iv i t ies  become 
which a r e  more conven ien t  t o  work with than those given by Equations (Goa) and 
( 6 0 b ) .  E m i s s i v i t i e s  w r i t t e n  i n  t h i s  form  have the  add i t iona l  advan tage  tha t  
by suppres s ing  the  f ac to r  of 2 in the exponential  arguments and replacing E 
by B in   Equat ions  (56)   and  (57) ,   the  same formulation  can  be  used  to calm- 
la te  i n t e n s i t i e s .  
Before evaluat ing Equat ions (54)-(57)  it i s  advantageous t o  s e p a r a t e  t h e  
i n t e g r a l s  i n t o  l i n e  and  continuum parts .  This  a l lows optimum coord ina te s  to  
be  se lec ted  in  f requency  space .  The continuum con t r ibu t ion  to  the  abso rp t ion  
c o e f f i c i e n t  (E pc) i s  j u s t  t h e  f i r s t  t e r m  in  Equat ion (34) .  Subst i tut ing pc 
f o r  p in   Equat ions  (54)-(57)   yields   corresponding  values   for  T~ and FE, 
where t h e  2 signs have been dropped from the l a t t e r  f o r  b r e v i t y .  The l i n e  
c o n t r i b u t i o n s  t o  t h e  f l u x  are obtained by difference 
V V 
v V 
FL = Fv - F: 
V 
where t h e  F va lues  are eva lua ted  us ing  the  to t a l  abso rp t ion  coe f f i c i en t  
(Eq. (34) ). Thus, t h e  l i n e  c o n t r i b u t i o n  is t r e a t e d  as a c o r r e c t i o n  t o  t h e  con- 
tinuum f l u x .  * 
V 
4.2 EVALUATION OF FLUX INTEGRALS 
A d i rec t  eva lua t ion  of  Equat ions  (54) - (57)  requi res  an  implicit assump- 
t i o n  - t h a t  o n l y  a reasonable  number of frequency points need be s l e e c t e d  t o  
adequately descr ibe the var ia t ion of  the spectrum. In the case of  the con- 
tinuum spectrum, the assumption is w e l l  s a t i s f i e d  w i t h  a b o u t  25-50 po in t s  
b e i n g  s u f f i c i e n t .  I n  t h e  case of  a tomic  l ines ,  the  number is approximately 
1,000 frequency points (100 l i n e s  w i t h  10 p o i n t s  per l i n e ) ,  which is  g e t t i n g  
large b u t  can still be handled  for  most  cases .  In  the  case  of molecular  l ines  
the requirement rises to approximately 1,500,000 frequency points (150,000 
l i n e s  w i t h  10  po in t s  per l i n e ) ,  which is  q u i t e  i m p r a c t i c a l  f o r  r a d i a t i o n  h e a t -  
i ng  ca l cu la t ions .  
* 
It should be noted  tha t  the  l ine  cont r ibu t ions  def ined  by  Equat ion  ( 6 6 )  can 
be negat ive for  nonisothermal  layers .  
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In  the present  s tudy,  the problem of  resolving the molecular  spectrum 
is solved summarily. The u t i l i z a t i o n  of the molecular band model ( t h e  band- 
less model) converts the molecular spectrum into an "equivalent" continuum 
process .  Such an  approach  ignores  the  de t a i l s  o f  t he  in t e rna l  s t ruc tu re  o f  
t h e  band  system. The c a l c u l a t e d  s p e c t r a l  f l u x e s  y i e l d  t h e  c o r r e c t  t o t a l  
f l uxes  (when in tegra ted  over  a band system) only when t h e  l a y e r  i s  o p t i c a l l y  
t h i n ,  o p t i c a l l y  t h i c k ,  o r  when t h e  l i n e s  are spaced  su f f i c i en t ly  c lose  to -  
ge ther  to  be  s t rongly  over lapped .  Otherwise ,  on ly  an  approximat ion  to  the  
t o t a l  f l u x  i s  obtained.* 
N o  addi t ional  approximations are required.  The continuum  fluxes  and  the 
approximation to  the  molecu la r  l i ne  f luxes  can  be c a l c u l a t e d  i n  a s t r a i g h t -  
forward  manner. The a tomic  and  ion ic  l ine  f luxes  can  a l so  be o b t a i n e d  d i r e c t l y .  
While t h i s  c a l c u l a t i o n  is  lengthy, it is n o t  f e l t  t o  be excess ive ly  so. I n  
a l l  cases c a r e f u l  a t t e n t i o n  m u s t  be p a i d  t o  t h e  s e l e c t i o n  o f  n o d a l  p o i n t s  ( i n  
frequency and in  space )  and in te rpola t ion  formulas  to  insure  tha t  h igh  accuracy  
i s  maintained. 
4 . 2 . 1  Nodal  Points  in  Frequency 
For  the  cont inuum cont r ibu t ion  to  the  f lux  in tegra ls  the  f requency  gr id  
can be s p e c i f i e d  a p r i o r i  and is only  s l igh t ly  dependent  on the  c l la rac te r i s -  
t i c s  o f  t h e  l a y e r .  B a s i c a l l y ,  t h e  v a r i a t i o n  o f  t h e  P l a n c k  f u n c t i o n  and t h e  
continuum absorption coefficients must be adequately described. The f i r s t  re- 
quirement can be m e t  by  d i s t r ibu t ing  noda l  po in t s  ac ross  the  f r equency  r ange  
hw FZ 0.25 e v  t o  hwmm 1 2  kTa ev (Tw = maximum temperature  considered) .  
Usually about 30 points spaced a t  roughly  equal  in te rva ls  are s u f f i c i e n t .  
Th i s  g r id  a l so  sa t i s f i e s  t he  second  r equ i r emen t  excep t  i n  the  u l t r av io l e t .  
* 
The accuracy of the approach can be defended on the  following  grounds: (1) 
The molecular  spec t ra  for  which good proper ty  da ta  are ava i l ab le  are a l l  
s i t u a t e d  i n  t h e  i n f r a r e d ,  v i s i b l e ,  o r  n e a r  u l t r a v i o l e t .  I t  is  w e l l  known 
t h a t  t h i s  r e g i o n  o f  t h e  s p e c t r u m  is op t i ca l ly  th in  fo r  t yp ica l  boundary  o r  
shock layer conditions and, hence, the bandless model is a c c u r a t e  f o r  t h e s e  
data.  (2) The m o l e c u l a r  s p e c t r a  s i t u a t e d  i n  t h e  u l t r a v i o l e t  and t h e  vacuum 
u l t r a v i o l e t  are o f t en  s t rong  enough to  absorb  apprec iab ly .  However,  good 
r ad ia t ion  p rope r ty  da t a  are no t  ava i l ab le  in  th i s  r eg ion ;  consequen t ly ,  t he  
bandless  model  approach is cons i s t en t  w i t h  t h e  q u a l i t y  o f  t h e  d a t a .  ( 3 )  
Fina l ly ,  and of primary importance, it is  known t h a t  whenever r ad ia t ion  hea t -  
i n g  is comparable to  convec t ive  hea t ing ,  the  molecular  spec ies  w i l l  be con- 
f i n e d  t o  a narrow layer near the w a l l .  The r a d i a t i o n  w i l l  o r i g i n a t e  i n  t h e  
ex terna l  reg ion  of  the flow which w i l l  be h o t  enough t o  be d i s soc ia t ed  and 
a t  least p a r t i a l l y  i o n i z e d .  Thus, i n  any  competition  for  accuracy  and/or 
d e t a i l   t h e  atom and ion  r ad ia t ion  must be g iven  p re fe ren t i a l  t r ea tmen t .  
It is t o  be noted that  more soph i s t i ca t ed  band models are used by some in-  
vest igators .  These extend the range  o f  va l id i ty  somewhat, bu t  in t roduce  
what is b a s i c a l l y  the same type of approximation and a.re a c c u r a t e  i n  the 
same regimes. 
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There the frequency gr id  must be ca re fu l ly  se l ec t ed  to  r e so lve  the  pho to ion i -  
za t ion  thresholds .*  
F o r  t h e  l i n e  c o n t r i b u t i o n  t o  t h e  t r a n s p o r t  i n t e g r a l s ,  a g r i d  must  be 
s e l e c t e d  f o r  e a c h  l i n e  and should be dependent upon t h e  c h a r a c t e r i s t i c s  o f  
t h e  l a y e r  as wel l  as the  ind iv idua l  l ine .  This  i s  accomplished by introducing 
a parameter cp which is c h a r a c t e r i s t i c  of the width of  the l ine (and w i l l  be 
d i scussed  fu r the r  i n  a subsequent paragraph) to  s t r e t ch  the  coord ina te  sys t em.  
The smallest  increment  and t h e  d i s t a n c e  t o  t h e  most remote nodal point are 
defined by Equations (67 )  and (68)  , r e spec t ive ly ,  where v = N I v  - ".I-  
6T0 = flcp 
N 
vmax = f2cp 
The q u a n t i t i e s  f l  and f 2  are s e l e c t e d  a r b i t r a r i l y  and a re  usua l ly  t aken  to  
be 0.5 and 10  ( r e spec t ive ly ) ,  on t h i s  o r d e r .  The intermediate   nodal   points  
a r e  e s t ab l i shed  us ing  a growth law, v i z .  
6;. = (1 + f )  67j-1 
7 
where the  nodal  spac ing  increases  ( increas ing  subscr ip t  j )  wi th  increas ing  
d i s t ance  from the  cen te r  o f  t he  l i ne .  The growth f a c t o r  f i s  determined i m -  
p l i c i t l y  from t h e  r e l a t i o n  
where N i s  t h e  number of  increments  to  be used. Usually,  the center of the 
l i n e  and about 5 t o  7 add i t iona l  po in t s  i n  each  d i r ec t ion  from it a r e  s u f f i -  
c i e n t .  
The s t re tch ing  parameter  cp is  def ined 'by Equat ion ( 7 1  
where the  (ha l f )  ha l f  wid th  y ( y )  i s  evaluated a t  a p a r t i c u  
(usua l ly  as  an  edge condi t ion)  and I - ~  i s  the  opt ica l  depth  
a r  s p a t i a l  l o c a t i o n  
o f  t he  en t i r e  l aye r  
XIt should be noted that the movement of  the thresholds  ( in  f requency)  caused 
by plasma i n t e r a c t i o n '  e f f e c t s  i s  not  considered.  This  i s  cons is ten t  wi th  the  
approximation discussed in Section 3 .  
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i 
a t  t he  f r equency  of t he  cen te r  of t h e  l i n e .  I t  can  be shown t h a t  cp has the 
fo l lowing  proper t ies :  
That is, t h e  cp is  the dis tance in  f requency space from t h e ,  c e n t e r  o f  t h e  l i n e  
t o  t h e  h a l f  i n t e n s i t y  p o s i t i o n  when t h e  l i n e  i s  weak,  and it is approximately 
the  d i s t ance  to  the  f r equency  a t  which the  l aye r  has  un i t  op t i ca l  dep th  when 
t h e  l i n e  is s t rong.  A t  in termediate  values  of  T ~ ,  cp should also be a reason- 
able approximation t o  t h e  w i d t h  of t h e  l i n e .  
4.2.2 Nodal Po in t s   i n  Space 
I n i t i a l l y  a s p a t i a l  g r i d  is se l ec t ed  so t h a t  it adequately descr ibes  the 
v a r i a t i o n s  of t h e  thermodynamic p rope r t i e s  ac ross  the  r ad ia t ing  l aye r  ( the  
circles shown i n  Figure 6 ,  f o r  example) . The opt ica l -  depths  a re  then  ca lcu-  
l a t ed*  and used to  eva lua te  the  emis s iv i t i e s .  Typ ica l  va lues  a re  shown i n  
Figure 6(b)  where  Curves 1, 2 and 3 i l l u s t r a t e  t h e  o p t i c a l l y  t h i n ,  m o d e r a t e l y  
t h i c k  and very  thick  layers ,   respect ively.   Transforming  into  the E vs. E 
plane   y ie lds   the   po in ts  shown ( a s  c i r c l e s )  i n  F i g u r e  6 (c)  Curves 1 and 2 
are  well-behaved;  however, Curve 3 i s  very i l l-behaved, showing  a d i scont i -  
n u i t y  i n  s l o p e  a t  t h e  o u t e r  boundary and no r e so lu t ion  of the region between 
the boundaries .  To circumvent the problems caused by t h i s ' b e h a v i o r ,  a s p e c i a l  
V v 
1 .  f l  W 
\ 
h 
7 
v 
W 
0 1 . 0  0 1 . 0  0 1 . o  
Figure 6. Spat ia l   Grid  Transformations 
n 
The methods  used to  eva lua te  the  in t eg ra l s  appea r ing  i n  Equations ( 5 5 ) - ( 5 8 )  
w i l l  be described subsequently.  
39 
coordinate system is  u s e d  f o r  t h e  o p t i c a l l y  t h i c k  l a y e r s  (-rv > 2 f o r  p r e s e n t  
purposes) .  The l a y e r  i s  d iv ided   in to   equal   increments   o f   emiss iv i t ies   (c rosses  
i n  F i g u r e  6 ( c )  from which t h e  new va lues  of  op t ica l  depth  are ca lcu la ted .*  The 
new Ev values  are then obtained by cubic  in te rpola t ion  in  the  p lane  lnEv vs .  
ln-r,.**  The new c u r v e   i n   t h e  Ev  v s .   p l ane   ( c ros ses   i n   F igu re   6 (c ) )  i s  s u i t -  
ab l e  fo r  accu ra t e  eva lua t ion  by numerical methods. 
4.2.3 In t eg ra t ion  Scheme 
With  one except ion,  a l l  t h e  i n t e g r a l s  are evaluated using three term 
Taylor ' s  series expansions as in te rpola t ion   formulas .  The de r iva t ives  re- 
qui red  in  the  second two terms are obtained from Equation (74), where x and 
y a r e  t h e  general  independent and dependent variables,  respectively.  
2 = Y S  (74) 
The s v a l u e s  a r e  t a k e n  e q u a l  t o  t h e  s l o p e s  i n  t h e  p lane  In  y vs .  x and are 
obtained from curve f i ts .  I t  has been found that this procedure minimizes 
unwanted excur s ions  in  the  h ighe r  o rde r  terms. 
The Taylor ' s  series expansions cannot be used for the frequency integra- 
t i on  o f  t he  continuum f luxes  due t o . t h e  d i s c o n t i n u i t i e s  i n  t h e  i n t e g r a l s .  
These i n t e g r a l s  were eva lua ted  us ing  l inear  in te rpola t ion  formulas ,  ins tead .  
This causes no se r ious  loss in  accuracy  as the  in t eg ra l s  a r e  s lowly  va ry ing  
e x c e p t  a t  t h e  d i s c o n t i n u i t i e s .  
4.2.4 The Optically  Thick L i m i t ,  An Example 
Consider a r a d i a t i o n  l a y e r  which has an o v e r a l l  o p t i c a l  d e p t h  of p L ,  a 
black body emissive power of E a t  i t s  midpoint  and a cons tan t  grad ien t  across  
the  layer  g iven  by the r e l a t i o n  
bV 
I 
I 
* 
In  eva lua t ing  the  op t i ca l  dep ths ,  t he  maximum allowable value of cV is taken 
t o  be 0 . 9 9 .  
The o r ig in  o f  t he  op t i ca l  dep th  in t eg ra t ion  i s  sh i f t ed  and /o r  i nve r t ed  in  
space  to  in su re  tha t  t he  lnEv  vs .  lnTv curve i s  w e l l  behaved f o r  t h e  i n t e r -  
po la t ion .  
* *  
40 
1 . 2  
1 . c  
0 .8  
0.6 
0.4 
0 . 2  
1 1 0  1 0 2  
O V E R A L L   O P T I C A L   D E P T H ,  ~IL 
1 0 3  
Figure 7. The Spat ia l  In tegra ls  in  the  Opt ica l ly  Thick L i m i t  
The d i r e c t i o n a l  and n e t  f l u x e s  a t  the midpoint have been calculated using the 
methods  of  Sections 4.2.2 and 4.2.3. Values  of C of 2/3 and 3/2 were s e l e c t e d ,  
and t h e . c a l c u l a t i o n  w a s  performed as a funct ion of  l.~ while  holding L and Eb 
f ixed .  The r e s u l t s  are p resen ted   i n   F igu re  7.  The d i r e c t i o n a l  f l u x e s  w e r e  
d r i v e n  t o  t h e i r  c o r r e c t  limit (black  body) by pL 2 10’. L ikewise ,  t he  ne t  f l ux  
w a s  d r iven  to  the  g rad ien t  o f  t he  b l ack  body emissive power ( co r rec t  w i th in  the  
constraints   of   the   exponent ia l   approximation)  by UL 2 10’. This  demonstrates 
t h a t  t h e  methods of Sections 4.2.2 and 4.2.3 remain v a l i d  i n  t h e  o p t i c a l l y  t h i c k  
limit . 
V 
4.3 THE ADVANCED RADIATION TRANSPORT PROGRAM (RAD/EQUIL) 
The en t i re  so lu t ion  procedure  has  been  programmed f o r  t h e  CDC 6600 .  A de- 
s c r i p t i o n  o f  t h e  program  has  been  presented  elsewhere ( R e f .  51) .  Typica l ly ,  
about 30 seconds of computer time are r e q u i r e d  t o  c a l c u l a t e  t h e  f l u x  from t h e  
boundary of a uniform layer.  
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SECTION 5 
APPLICATION  OF THE METHOD 
A  matrix  of  theoretical  predictions  has  been  obtained.  These  are  com- 
pared  with  predictions  from  other  studies n Sections 5.1 and 5.2 and  with 
experimental  data in Section 5.3. Calculations  of  the  radiative  transport 
through  isothermal  layers  are  given in Section 5.4 and  through  a  nonisother- 
mal  layer in Section 5.5, both  as  examples of the  use  of  the  prediction  method. 
5.1 COMPARISON  WITH  OTHER PmDICTIONS OF THERMODYNAMIC  VARIABLES 
The  first  set  of  theoreticel  predictions  is  given in Tables  VI  and  VI1 
and  Figure 8. The temperatures  and  pressures  specified  in  Table  VI  were  used 
to  predict  densities,  enthalpies  and  entropies  for  comparison  with  the  results 
of Gilmore (Ref. 7) and  Hilsenrath  and  Klein  (Ref. 52) and  mole  fractions  for 
comparison  with  the  results  of  Armstrong  and  Scheibe  (Ref. 53) and  Hilsenrath 
and Klein (Ref. 52). The  specified  conditions  of  Table  VI  correspond  to  den- 
sity ratios of lo-' and from Reference 52, and will hereafter be 
referred to as  the  nominal  density  ratios  (p/po(N)).  The  density  ratios  agree 
to  within  approximately 1 percent  (Table  VI),  the  enthalpies  to  within  approx- 
imately 3 percent  (Table  VI1  and  the  entropies  to  within  approximately 2 per- 
cent  (also  Table  VII).  The  mole  fractions  agree  to  within 10 percent,  gener- 
ally  (Figure 8 ) ,  except  for 0- where  the  results  of  Hilsenrath  and  Klein  (Ref. 
52) appear  to  be  high.  Differences  of  this  order  can  be  attributed  to  the 
thermochemical  data,  the  consideration  of  pressure  dependent  partition  func- 
tions  (in  Ref. 7) and  the  consideration  of  nonideal  gas  effects  (in  Ref. 52). 
i 
8,000 
9 , 000 
10,000 
11,000 
12,000 
13,000 
14 , 000 
15,000 
-~ 
TABLE  VI 
AIR  PRESSURES  AND  DENSITIES 
Pressure  (atm) ( P / P , )  / (P/P, (N) 
0.0586 
0.0676 
0.07909 
0.0948 
0.1161 
0.1421 
0.1699 
0.1959 
0.564 
0.657 
0.747 
0.850 
0.979 
1.140 
1.339 
1.568 ! 4.915 6.17 7.196 8.115 9.066 10.13 11.35 12.78 ~ 1.010 1.008 1.007 1.002 0.997 0.992 0.991 0.992 ~ 
P / P  (N) 
1.010 
1.009 
1.007 
1.005 
1.000 
0.996 
0.992 
P/P (N) 
= 10 O- 1 
1.012 
1.013 
1.012 
1.011 
1.010 
1.008 
1.005 
1.002 
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TABLE VI1 
A I R  ENTHALPIES AND ENTROPIES 
T 
(OK)  _ _ _ _  
8,000 
9 , 000 
1 0  , 000 
11,000 
1 2  ,000 
1 3  , 000 
1 4  , 0 0 0  
1 5  , 0 0 0  
8 , 000 
9 , 000 
1 0  ,000 
11 ,000 
1 2  , 000 
1 3  , 0 0 0  
1 4  , 0 0 0  
1 5  , 000 
8,000 
9,000 
10,000 
11 ,000 
1 2  , 000 
1 3  , 000 
1 4  , 000 
1 5  , 000 
I 
Present* 
:a lcu la t ion  _ _ _ _ _  
1 8 . 0 3  
1 7 . 7 8  
1 8 . 7 4  
2 1 . 2 1  
2 4 . 9 6  
2 9 . 1 1  
3 2 . 4 5  
3 4 . 3 0  
1 6 . 7 6  
1 6 . 6 1  
1 6 . 4 0  
1 6 . 7 8  
1 7 . 9 0  
1 9 . 7 4  
2 2 . 1 1  
24.66 
1 3 . 0 2  
14 .80  
1 5 . 1 4  
1 5 . 0 6  
1 5 . 1 1  
1 5 . 4 6  
16 .16  
1 7 . 1 8  
Hilsenra th  
and Klein Gilmore 
4 - C a l c u l a t i o n  
Present  
"~. .. . " - 
1 8 . 4 0  
1 8 . 1 6  
19 .07  
21 .40  
2 4 . 9 5  
28.92 
3 2 . 2 3  
3 4 . 1 4  
1 7 . 1 4  
1 7 . 0 3  
1 6 . 8 4  
1 7 . 2 0  
1 8 . 2 5  
1 9 . 9 9  
2 2 . 2 2  
24 .60  
1 9 . 0 8  
21 .43  
25 .00  
28 .04  
3 2 . 2 5  
3 4 . 1 4  
60 .55  
6 2 . 1 1  
6 4 . 6 5  
6 8 . 6 0  
73 .85  
79 .59  
84 .65  
8 8 . 3 1  
1 6 . 8 4  
1 7 . 2 2  
1 8 . 2 9  
20 .05  
22 .30  
I 24.69 
5 4 . 8 2  
56 .35  
57 .62  
5 9 . 3 0  
6 1 . 6 2  
6 4 . 6 2  
67 .13  
71 .83  
I 
p / p o  = 10" (niominal) 
1 3 . 3 5  I 
5 5 . 4 5   1 5 . 9 9  1 5 . 9 4  
5 4 . 1 1   1 5 . 6 3  1 5 . 6 0  
52 .98  1 5 . 5 7  15 .56  
51 .86   15 .64  1 5 . 6 3  
5 0 . 2 2  1 5 . 2 5  
47.18 
1 6 . 6 1   1 6 . 6 9  I 57 .07  1 7 . 5 7  I 1 7 . 6 9  ,, 58 .97  
6 1 . 2 1  
62 .82  
65 .35  
6 9 . 1 9  
7 4 . 2 4  
79 .79  
8 4 . 8 1  
8 8 . 5 2  
5 5 . 4 9  
57 .09  
5 8 . 4 2  
6 0 . 1 3  
6 2 . 4 2  
6 5 . 3 3  
6 8   - 7 2  
7 2 . 2 8  
47.76 
5 0 . 9 5  
52 .67  
5 3 . 8 5  
55 .02  
56 .39  
5 8 . 0 0  
5 9 . 8 8  
"- . .~, . ., 
G i  lmore 
~. . 
" .. _ _ ~  
6 5 . 3 1  
6 9 . 1 0  
74 .07  
7 9 . 5 1  
8 4 . 3 9  
88.00 
58 .42  
6 0 . 1 1  
6 2 . 3 8  
65 .26  
6 8 . 6 0  
72 .10  
52.68 
5 3 . 8 5  
5 5 . 0 2  
56 .39  
5 8 . 0 2  
59 .90  
. . 
A correct ion of  1 2 9  Btu/lb has been added t o  t h e  t a b u l a t e d  e n t h a l p i e s  t o  c o r r e c t  
f o r  t h e  d i f f e r e n c e s  i n  b a s e  s ta te .  Also, a value of 
R = 6 .8610  X lo-' Btu/lboR 
w a s  employed i n  t h e  p r e s e n t  s t u d y .  
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The second set  of p red ic t ions  i s  p resen ted  in  F igu res  9 and 1 0  f o r  t h e  
densi ty  and, temperature  ra t ios ,  respect ively,  across  normal  shock waves i n  a i r .  
The p red ic t ions  are compared with data  f rom the s tudy by L e w i s  and Burgess 
(Ref.  54). The d i f f e rences  are approximately 4 p e r c e n t  f o r  t h e  d e n s i t y  r a t i o s  
and 5 percent  for  the  tempera ture  ra t ios .  These  are no t  i ncons i s t en t  w i th  the  
differences observed previously between the present  predict ions and those of  
Hilsenrath  and  Klein  (Ref.   52),  whose da t a  w a s  used by L e w i s  and  Burgress 
(Ref.   54).  
The f i n a l  se t  of predictions of thermodynamic variables i s  p r e s e n t e d  i n  
Figures  11 and 1 2  f o r  t h e  d e n s i t y  and t empera tu re  r a t io s ,  r e spec t ive ly ,  ac ross  
normal  shock  waves i n  a proposed Martian atmosphere (65% C 0 2 ,  35% A by volume). 
The p red ic t ions  are compared with data  f rom the s tudy by  Heron  (Ref. 55) .  The 
d i f f e rences  are approximately 2-1/2 p e r c e n t  f o r  t h e  d e n s i t y  r a t i o s  and 3 per- 
c e n t  f o r  t h e  t e m p e r a t u r e  r a t i o s ,  b o t h  r e a d i l y  a t t r i b u t a b l e  t o  small d i f f e r -  
ences in the thermochemical data.  
5.2 COMPARISON WITH OTHER PREDICTIONS OF RADIATIVE TRANSPORT 
The f i r s t  se t  o f  t h e o r e t i c a l  p r e d i c t i o n s  i s  g iven  in  F igure  13 and com- 
pared  with  the  semi-empir ical   predict ions  of   Morr is  e t . a l .  (Ref.  48).  Three 
p red ic t ions  are presented  us ing  the  present  model - one without an N- con t r i -  
bution, one with an N- con t r ibu t ion  and a c ross  sec t ion  o f  8 x 10-17cm2 as 
suggested by Norman (Ref. 4 6 ) ,  and one with an N- con t r ibu t ion  and a c ros s  
sec t ion  of  1 .6  x 10-16cm2 which makes the  present  pred ic t ions  agree  wi th  the  
p red ic t ions  of Morr is   e t .a l .   (Ref .  4 8 ) .  While a c ros s  sec t ion  o f  1.6 x 
cm2 is  l a rge r  t han  tha t  o f  most  continuum t r a n s i t i o n s ,  it is n e i t h e r  so l a r g e  
nor so d i f f e r e n t  from t h e  one suggested by Norman (Ref. 46)  as t o  a p p e a r  t o  
be unreasonable. However, based on th i s  ev idence  a lone ,  it cannot be con- 
c luded  tha t  t he  p re sen t  p red ic t ions  a re  cons i s t en t  w i th  those  o f  Mor r i s  e t .a l .  
(Ref. 48) . 
Addi t iona l  pred ic t ions  of t he  n i t rogen  con t inuum in t ens i t i e s  are given 
i n  F i g u r e 1 4  and compared wi th  the  p red ic t ions  o f  Biberman and Norman (Ref.15) 
and  with  the  data  of  Boldt  (Ref.  47) and  Morris  et .al .   (Ref.   48).  I t  i s  seen 
tha t  t he  p re sen t  p red ic t ions  (wi thou t  N-) are g rea t e r  t han  those  by  Biberman 
and Norman (Ref. 15)  by about a fac tor  of  two:* l i kewise ,  t he  measurements of 
Morr is  e t .a l  (Ref .  48) are g rea t e r  t han  the  measurements  of  Boldt e t .  a l .  (Ref .  
* 
In  th i s  spec t r a l  r eg ion ,  t he  abso rp t ion  coe f f i c i en t s  u sed  by  Biberman  and 
Norman (Ref.15) d i p  below those used in  the present  s tudy:  otherwise,  the 
agreement i s  genera l ly  very  good. 
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47)  by about a fac tor  of  two.  Thus,  assigning  the  difference  between  measure- 
ment and p r e d i c t i o n  t o  t h e  N- cont r ibu t ion  can  y ie ld  e i ther  the  rough agree-  
ment  no ted  previous ly  or  gross  d i f fe rences  in  the  N- cross  sect ion,  depending 
on the combinations of measurements and predictions selected.  I t  i s  a l so  seen  
in  F igu re  15  tha t  t he  p re sen t  p red ic t ions  (wi thou t  N-) are i n  f a i r  agreement 
with both sets of measurements and tha t  t he  s lopes  o f  a l l  t he  p red ic t ions  
(without N-) are i n  good agreement. The agreement i n  s l o p e  i s  destroyed when 
the  N- cont r ibu t ion  i s  inc luded   i n   t he   p re sen t   p red ic t ions .   Thus ,   fo rc ing  
agreement between t h e  p r e s e n t  p r e d i c t i o n s  and t h e  t o t a l  i n t e n s i t i e s  p r e d i c t e d  
by Morris e t  a l .  (Ref. 48)  decreases  the agreement  between the predict ions and 
t h e i r  s p e c t r a l  d a t a .  
In  a more recent  s tudy,  Morr is  e t  a l .  (Ref.  56)  measured  the  continuum 
contributions between the atomic l ines and molecular band systems t o  o b t a i n  
a frequency dependent  cross  sect ion for  N-. The i n t e r p r e t a t i o n  o f  t h e i r  mea- 
surements w a s  no t  unambiguous:* never the less ,  th i s  s tudy  cons iderably  s t rength-  
ened  the  case  for  an important N- cont r ibu t ion .  In  the  numer ica l  work t o  be 
presented subsequent ly ,  their  cross  sect ion i s  employed when an N- contr ibu-  
t i o n  i s  ca l led  out  (F igure  13 excepted) .  When an N- cont r ibu t ion  is  not  
c a l l e d  o u t ,  it is not  included.  
The t h e o r e t i c a l  p r e d i c t i o n s  f o r  a i r  are presented in Figure 15 and com- 
pa red  wi th  the  theo re t i ca l  p red ic t ions  o f  Wilson  and  Greif  (Ref.  19.).  Their 
p rope r t i e s  model for  the atomic and (pos i t i ve )  i on ic  spec ie s  is very similar 
t o  t h a t  used in  the  present  s tudy  (Ref .11)  . However, they  d id  not  inc lude  
con t r ibu t ions  from the molecular  species  or  the negat ive  ions .  In  addi t ion ,  
they  employ the effect ive width approach which approximates the contributions 
due to   t he   a tomic  and i o n i c  l i n e s .  The r e s u l t i n g  p r e d i c t i o n s  ( F i g . 1 5 )  a r e  i n  
excel lent  agreement  for  the ti = 1 c m  case except  a t  the lower temperatures 
where the  molecular  cont r ibu t ions  are c lear ly  impor tan t .  For  the  ti = 10  c m  
case, . t he  p red ic t ions  d i f f e r  by  abou t  25 - 35 percent ,  even in  the temperature  
range  where no d i f f e rences  shou ld  ex i s t .  Th i s  d i f f e rence  canno t  be a t t r i b u t e d  
t o  fundamental  differences in  e i ther  the propert ies  or  the t ransport  models .  
Molecular   contr ibut ions are neg l ig ib l e  above  about T 12,000'K. In   addi t ion ,  
t h e  d i f f e r e n c e s  i n  c a l c u l a t i n g  l i n e  e f f e c t s  c a n n o t  be respons ib le  as they 
would be i n  t h e  o p p o s i t e  d i r e c t i o n .  However, Wilson  and  Greif  (Ref. 1 9 )  u t i -  
l i ze  Equa t ion  ( 4 1 )  as a convenient approximation t o   t h e  continuum absorption 
x 
The overlapped region between the a tomic  l ines  of N and 0 and the bands of 
t h e  N3(1-) band system could have obscured the a c t u a l  continuum conbribution. 
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coef f ic ien ts , ra ther  than  the  numer ica l  da ta  presented  in  Reference  11. While 
the agreement between the two i s  general ly  very good (see Fig.  2 ) ,  an e r r o r  
e x i s t s  i n  t h e  1 . 5  - 4 ev range which i s  s u f f i c i e n t  t o  c a u s e  t h e  d i f f e r e n c e s  
observed. 
A compar ison  wi th  the  theore t ica l  p red ic t ions  of  a i r  by Biberman e t  a l .  
(Refs.  17  and  28) i s  g iven  in  F igu re  1 6 .  The d i f f e rences  between t h e i r  prop- 
e r t y  d a t a  and t h a t  used i n  t h e  p r e s e n t  s t u d y  are n o t  l a r g e  f o r  t h e  l i n e  r a d i a -  
t i on ,  bo th  f-numbers  and l i n e  w i d t h s  b e i n g  i n  good  agreement. Fu r the r ,  t he  
propert ies  used for  the molecular  species  contr ibut ions are .from the  same source 
(Ref.  28). The d i f f e rences  are s l i g h t l y  more a p p r e c i a b l e  i n  t h e  case of t h e  
cont inuum radiat ion propert ies .  They use Equation ( 4 1 )  and include a con t r i -  
bu t ion  from t h e  N- ion. The addi t ion  of  the  N- continuum i n  t h e  1 . 5  e v  t o  
4 e v  s p e c t r a l  r e g i o n  more than compensates  (usual ly)  for  the differences be- 
tween Equation ( 4 1 )  and the  da ta  g iven  in  Reference  ll. Thus, t he  f luxes  Biber- 
man et .a l .  (Refs.17  and 28) p red ic t s  a r e  cons i s t en t ly  h ighe r  t han  those  p re -  
d i c t ed  in  the  p re sen t  s tudy .  However, r e f e r e n c e  t o  F i g u r e  1 6  i n d i c a t e s  t h a t  
t h e  d i f f e r e n c e s  are not  la rge .  
A compar ison  wi th  the  theore t ica l  p red ic t ions  of  Hunt and Sibulkin (Ref.  
9 )  f o r  pu re  n i t rogen  is g iven  in  F igure  1 7 .  They obta ined  the i r  molecular  
spec ie s  con t r ibu t ions  from Allen (Ref .  57) ,  their  cont inuum radiat ion from t h e  
tabula t ions  of  Sherman  and  Kulander  (Ref. 5 8 ) ,  t h e i r  f-numbers  from Kelly 
(Ref. 59) and t h e i r  h a l f  w i d t h s  from G r i e m  (Ref. 18).  The tabulat ions of  Sher-  
man and  Kulander  (Ref. 58.) are somewhat h igher  than  those  used  in  the  present  
study (Ref. 11). None of  the  da ta  obta ined  from the  o the r  sou rces  is s i g n i f i -  
c a n t l y  d i f f e r e n t  from tha t  u sed  in  the  p re sen t  s tudy .  Hunt  and Sibulk in  do 
h a n d l e  t h e  t r a n s p o r t  s l i g h t l y  d i f f e r e n t l y  i n  t h a t  J - s p l i t t i n g  i s  considered 
and q u a s i - s t a t i c  l i n e  p r o f i l e s  a r e  u s e d  f o r  some of  the  h igher  l ines .  However, 
r e f e r e n c e  t o  F i g u r e 1 7 i n d i c a t e s  t h a t  t h e s e  d i f f e r e n c e s  a r e  n o t  s i g n i f i c a n t  as 
good agreement e x i s t s  between the two sets of  predict ions.  
A compar ison  wi th  the  theore t ica l  p red ic t ions  of  Lasher  et .al .  (Ref. 1 2 )  
f o r  hydrogen is  g iven  in  F igu re  1 8 .  The classical  formulas  for  f-numbers 
and continuum absorption coefficients w e r e  used  in  both  s tudies .  However, 
Lasher  e t .a l .  (Ref .12’))  ut i l ize  somewhat d i f f e ren t  l i ne  shapes  (Eqs .  (46)- ( 4 8 ) ,  
on ly ) ,  and  they  employ  the  equivalent  width  approximation.  In  addition,  Lasher 
e t . a l .  ( R e f . 1 2 )  are concerned only with the atomic contributions and do not 
i nc lude  con t r ibu t ions  from molecular or ionized species.  A s  shown i n  F i g u r e  
1 8 ,  t h e i r  model i s  not applicable at  ten atmospheres for the lower tempera- 
t u re s .  However, t he  two sets o f  p red ic t ions  are i n  good agreement a t  the  lower 
pressures .  
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5.3 COMPARISONS WITH MEASURED DATA 
P red ic t ions  o f  t he  emis s ion  coe f f i c i en t s  of shock heated a i r  are given 
i n  F i g u r e s  19, 20,  and 2 1  and  compared with the measurements of N e r e m  (Ref. 6 0 )  
and  Gruszczynski  and Warren (Ref. 6 1 ) .  The p red ic t ions  are i n  e x c e l l e n t  a g r e e -  
ment w i th  the  da t a  o f  N e r e m  (Ref. 6 0 )  , but  they  are s l i g h t l y  lower than  the  
data  of  Gruszczynski  and Warren (Ref. 6 1 ) .  The basic  techniques used in  the 
two experimental  s tudies  are very similar, and t h e  same general  range of con- 
d i t i o n s  were covered. I t  is unfo r tuna te  tha t  t he  t w o  sets o f  r e s u l t s  are no t  
i n  b e t t e r  agreement with each other. Nevertheless, the general agreement be- 
tween p red ic t ion  and experiment i s  f e l t   t o  be encouraging. 
The p r e d i c t e d  i n t e n s i t i e s  of a i r  behind a re f lec ted  shock  wave are given 
i n  F i g u r e s  2 2  and 23 and  compared with the measurements of Wood e t  a l .  (Ref .  
6 2 ) .  The p red ic t ions  are in excellent agreement with the measurements for inci-  
dent  shock  ve loc i t ies  less than 7.5 mm/p sec. and are above the measurements 
a t   h ighe r   ve loc i t i e s .   Go lob ic  and N e r e m  (Ref. 6 3 )  have  analyzed a r e f l e c t e d  
shock  experiment similar to  tha t  per formed by Wood e t  a l .  (Ref .  6 2 )  and  have 
conc luded  tha t  t he  r ad ia t ion  lo s ses  s ign i f i can t ly  coo l  t he  gases  fo r  i nc iden t  
shock  velocit ies  above  7.5 mm/p sec .  They p r e s e n t  c a l c u l a t e d  i n t e n s i t i e s  f o r  
t h e  low frequency  spectrum ( X  > 1 , 7 0 0  A )  showing t h e  e f f e c t  of t he  lo s ses .  Ob- 
t a i n i n g  t h e i r  p r e d i c t e d  r a t i o s  of i n t e n s i t i e s  w i t h  r a d i a t i o n  l o s s e s  t o  t h o s e  
without  losses  (as  a funct ion of  incident  shock veloci ty)  and using them t o  
( approx ima te ly )  co r rec t  t he  p red ic t ion  g iven  in  F igu re  2 2  y ie lds  the  dashed  
curve and a dramatically improved comparison between prediction and measure- 
ment. Such a n  e f f e c t  would o b v i o u s l y  a f f e c t  t h e  t o t a l  i n t e n s i t i e s  a l s o .  
C l e a r l y ,  t h i s  was  a rough est imate  but  it was encouraging  in  tha t  the  present  
p r e d i c t i o n s  a r e  n o t  n e c e s s a r i l y  i n c o n s i s t e n t  w i t h  t h e  measurements of Wood 
e t  a l .   (Ref .  6 2 ) .  
0 
This concludes the series of comparisons with the work of  other  inves-  
t i g a t o r s .  I t  i s  f e l t  t h a t  t h e  model has  been  proven  to  be a valid  one.  Sub- 
sequent numerical work w i l l  be used t o  i l l u s t r a t e  i n t e r e s t i n g  a p p l i c a t i o n s .  
5.4 APPLICATION TO UNIFORM  SLABS 
Theore t i ca l  p red ic t ions  fo r  un i fo rm s l abs  a re  g iven  in  F igu res  2 4  and 
25. They show t h e  v a r i a t i o n  of t he  f luxes  emi t t ed  from  uniform  slabs  of a i r .  
The ranges of  temperature ,  pressure and pa th  l eng ths  se l ec t ed  are t y p i c a l  of 
those which might be encountered i n  t h e  s t a g n a t i o n  r e g i o n  of a veh ic l e  r een te r -  
i n g  from a lunar  or  p lane tary  miss ion .  
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5.5 APPLICATION TO NONUNIFORM  SLABS 
To f u r t h e r  i l l u s t r a t e  a p p l i c a t i o n s  of t h e  method, a slab with nonuniform 
p rope r t i e s  w a s  s e l e c t e d  and i t s  d i s t r i b u t i o n s  of f l u x  i n  s p a c e  and frequency 
obtained. The v a r i a t i o n s  of t h e  thermodynamic s t a t e  p rope r t i e s  ac ross  the  
s l a b  are g iven  in  F igu re  26 where the  ove ra l l  l eng th  o f  t he  s l ab  (y,) i s  1 1 . 4  
c m .  Th i s  va r i a t ion  i s  t y p i c a l  of t h a t  which  might  be  found i n  t h e  s t a g n a t i o n  
region of a veh ic l e  r een te r ing  from a lunar  mission.  Carbon  and  hydrogen gases 
were included as they are usua l ly  p re sen t  due  to  mass i n j e c t i o n  from the  sur -  
face  of  the  vehic le .  
The s p a t i a l  d i s t r i b u t i o n  o f  t h e  r a d i a t i o n  species is  g iven  in  F igure  27 .  
The molecules  res ide  in  a narrow region immediately adjacent to the wall  
(y/y, < 0.01) . I n  t h i s  case the  reg ion  w a s  so nar row tha t  it had e s s e n t i a l l y  
no i n t e r a c t i o n  w i t h  t h e  r a d i a t i o n  f i e l d .  A mix ing  r eg ion  ex i s t s  fu r the r  ou t  
where t r a n s i t i o n  from mainly atomic t o  mainly molecular species occurs 
(0.01 < y/y6 < 0.1) . The s p e c i e s  i n  t h i s  r e g i o n  t e n d  t o  e m i t  i n  t h e  v i s i b l e  
a n d  a b s o r b  i n  t h e  u l t r a v i o l e t .  Note that  a tomic carbon and  hydrogen are  pres -  
e n t  i n  s i g n i f i c a n t  q u a n t i t i e s .  The e x t e r i o r  f i e l d  (y/y > 0.1) cons i s t s  o f  
pure a i r  spec ie s .  In  th i s  ca se ,  t he  a tomic  spec ie s  domina te  wi th  the  N con- 
t r ibu t ions  be ing  of  par t icu lar  impor tance .  
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The s p e c t r a l  d i s t r i b u t i o n  of  the posi t ive cont inuum f luxes (directed 
toward the w a l l )  are shown in  F igu re  2 8 ,  b o t h  a t  t h e  w a l l  and a t  the edge of  
the boundary layer (which is set a r b i t r a r i l y  a t  y/y6 = 0.211). The peaks i n  
t h e  w a l l  f l ux  a t  hv = 1 ev and 3.3 ev are pr imar i ly  due  to  emiss ion  from t h e  
red  and v i o l e t  CN bands in the boundary layer.  There i s  a l s o  a peak i n  t h e  
boundary flux a t  hv = 3.3 e v ,  b u t  t h i s  m u s t  be a t t r i b u t e d  t o  N Z ( l - )  ( a  t r a c e  
species)   emission  f rom  the  exter ior   f low  region.  The u l t r av io l e t  con t r ibu -  
t i o n s  t o  t h e  boundary f l u x  above 1 0 . 8  e v  a r e  due t o  N emission from i ts  
photoionizat ion edges with the f lux levels  beyond 1 2  ev being near ly  black 
body.  Note t h a t  t h e  w a l l  f l ux  has  undergone severe attenuation in the 
region hv > 11.5  ev.  This i s  due t o  a b s o r p t i o n  by the   photo ioniza t ion  
edges  of  the  carbon  atoms i n  t h e  mixing  reg ion .  Typica l ly ,  l a rge  f rac t ions  
o f  t h e  i n c i d e n t  u l t r a v i o l e t  continuum w i l l  be  absorbed in  the boundary layer .  
The s p e c t r a l  d i s t r i b u t i o n  of the w a l l  f l u x  is  presented  aga in  in  F igure  
2 9 ,  but  here  the contr ibut ions from the l ine groups are a l so  inc luded .*  The 
*For t h i s  a p p l i c a t i o n ,  t h e  RAD/EQUIL program c a l c u l a t e d  l i n e  f l u x e s  i n t e g r a t e d  
over  the l ine groups (as d i scussed  in  Sec t ion  3.2.2), r a t h e r  t h a n  s p e c t r a l  
f luxes.  Consequent ly ,  the redis t r ibut ion over  the spectrum shown i n  F i g u r e  29 
has been smoothed and employs some a r t i s t i c  l i cense .  
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l i n e  c o n t r i b u t i o n  is extremely important (probably dominant) i n  t h e  v i s i b l e  
region.  Here t h e  l i n e  f l u x e s  are subs tan t ia l ly  h igher  than  those  of  the  
background  continuum, v i z . b r i g h t  l i n e s .  I n  t h e  u l t r a v i o l e t  r e g i o n  t h e  l i n e s  
con t r ibu te  a modest a d d i t i o n  t o  t h e  f l u x  i n  the 9-10.8 ev range. However, i n  
t he  10.8-11.5 ev  r ange  the  l i ne  f luxes  are less than the background continuum 
f l u x e s ,  v i z .  d a r k  l i n e s ,  a n d  t h e  t o t a l  f l u x  t o  t h e  wall is s i g n i f i c a n t l y  less 
than it would  have  been i f  l i n e  c o n t r i b u t i o n s  had not been included. This i s  
a l s o  t y p i c a l  as t h e  u l t r a v i o l e t  l i n e s  can be s t rongly absorbed in  nonisothermal  
regions.  
The energy exchange mechanism between the boundary layer  and the exter ior  
flow is i l l u s t r a t e d  f u r t h e r  i n  F i g u r e s  30 and 31. The s p a t i a l  v a r i a t i o n  of 
t h e  t r a n s m i t t e d  f r a c t i o n  o f  t h e  p o s i t i v e l y  d i r e c t e d  t o t a l  f l u x  and t h e  r e l a t i v e  
f r ac t ions  o f  i t s  c o n s t i t u e n t s  are shown i n  F i g u r e  30 .  Thus, t h e  p o s i t i v e  f l u x  
undergoes a s t eady  a t t enua t ion  from q 6 t o  q M 0.75 w i t h  t h e  u l t r a v i o l e t  con- 
t inuum account ing for  the bulk of  the loss .  For q < 0.75 the  loss r a t e  i n -  
creases no t i ceab ly  due  to  l i ne  a t t enua t ion .  The e f f e c t  i s  f u r t h e r  i l l u s t r a t e d  
i n  F i g u r e  3 1  where t h e  s p a t i a l  v a r i a t i o n  o f  the n e t  f l u x  is shown. The region 
6 < q < 0.7 shows t h a t  t h e  e n t e r i n g  f l u x  is  always less than  the  depar t ing  
f lux  caus ing  r ad ia t ive  coo l ing .  Nearer the w a l l  (q < 0.7) t h e  e f f e c t  r e v e r s e s  
caus ing  r ad ia t ive  hea t ing .  Thus, t h e  f o l l o w i n g  q u a l i t a t i v e  e f f e c t s  are pres- 
ent :  (a) t h e  gases nea r   t he  w a l l  are heated,   (b)  the gases i n   t h e   o u t e r  re- 
gions of the boundary layer are cooled, (c) the emission from the  ab la t ed  
spec ies  in  the  boundary  layer  i s  n o t  s u f f i c i e n t  t o  o f f s e t  t h e  l o s s e s  from t h e  
boundary flux by absorption and (d) the boundary flux is a t t e n u a t e d  s i g n i f i -  
c a n t l y  ( i n  t h i s  case by 25 percent )  before  it reaches  the  w a l l .  
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SECTION 6 
CONCLUDING REMARKS 
A pred ic t ion  method has been described which can be used. t o  o b t a i n  f l u x e s  
o r  i n t e n s i t i e s  a t  any s p e c i f i e d  p o i n t  w i t h i n  a p l a n e - p a r a l l e l  s l a b  ( f o r  t h e  
f l u x  c a l c u l a t i o n )  o r  a t  any po in t  on a r a y  ( f o r  t h e  i n t e n s i t y  c a l c u l a t i o n ) .  
While t h e  method w a s  developed for  the s tudy of  radiat ion heat ing phenomena 
wi th in  the  mass i n j e c t e d  boundary layer environment, it is no t  l imi t ed  to  such  
s tudies .   Indeed ,  i ts  pr imary  vir tue is i ts  v e r s a t i l i t y .  The only  approxima- 
t i o n  which i s  an i n t e g r a l  p a r t  t h e  method is the  bandless  model f o r  t h e  
molecular bands. Any of  the other  aspects  of  the propert ies  model  can e a s i l y  
be made t o  i n c l u d e  more ( o r  less) d e t a i l ,  a l l o w i n g  i m p o r t a n t  t r a d e - o f f s  t o  b e  
made between accuracy and computational effort .  
The comparisons  presented i n  S e c t i o n s  5 . 1  t o  5 . 3  showed t h a t  t h e  p r e s e n t  
p r e d i c t i o n s  a r e  i n  g e n e r a l l y  good agreement with predictions from o t h e r  s t u d i e s .  
Comparison with avai lable  experiments  yielded no addi t ional  information as t h e  
incons is tenc ies  be tween the  d i f fe ren t  sets of exper imenta l  da ta  a re  grea te r  
than are those between the sets of  pred ic t ions .  
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APPENDIX A 
THE  RADIATIVE  PROPERTIES  OF  SELECTED 
MOLECULAR  BAND SYSTEMS 
The contr ibut ions of t h e  C 2  and H2 molecular band systems are f r o m  
curve f i ts  t o  radiat ive data generated w i t h  the  Patch, Shackleford and 
Penner "smeared l i n e  model" ( R e f .   A . l ) ,  employing the  f - n u m b e r  and Franck- 
C o n d o n  factors given i n  T a b l e  A-1. 
TABLE A-I. 
BASIC DATA FOR C2 AND H2 BAND SYSTEMS 
B a n d  f-number and 
Factor Source Source 
F r a n c k - C o n d o n  
Species system 
c 2  F r e y m a r k  
R e f .   A . 6  0 . 2  from R e f .   A . 3  L y m a n  
R e f .   A . 4  0 . 1  f r o m   R e f .  A.2 Mull iken 
R e f .  A . 5  0 . 0 5  f r o m   R e f .   A . 2  F o x - H e r z b e r g  
R e f .  A .  4 0 .02  f r o m   R e f .  A . 2  
Werner 0 . 4  from R e f .   A . 3  R e f .  A . 6  
H2 
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